Grading of Problem 1.

Problem 1 Let n be a nonzero natural number and f : R — R — {0} be a function
such that f(2014) = 1 — f(2013). Let 21,29, 23, ..., 2z, be ral numbers not equal to
each other. If

L+ f(x)  f(x2) flas) ... flzy,)
fle) 1rfe) flas) ... flaw)
fl)  fle) 1bf(z) . fla) | —o W
fe) fle) f@s) e 14 fla)

prove that f is not continuous.
Grading:

4 points: Calculate determinant:

L+ f(zn) + flz2) + f(m3) + ...+ flza)  f(22) flxs) oo flan)
L+ flan) + f(x2) + flas) + . 4 flan) 14 f22)  flzs) ... f(zn)
L flan) + f@2) + flas) +. o4 fon)  fz2) 14 f(as) flan) | =
Lt flon) + fla) + fla) 4ot flo)  Fla) f@m) . 14 ()
1 flx2) flxs) f(@n)
0 1 0 0
(14 flwn) + f(w2) + flwg) + o4 flaa)) [0 0 0
0 0 0 1
The last determinant is equal to 1, therefore (from the equality given in the
problem):
L+ fzn) + fz2) + flas) + ...+ flza) =0
2 points:

f(2014) + f(2013) + f(z1) + f(x2) + f(x3) + ...+ f(z,) = 0. (1)

4 points: Suppose that f is continuous and obtain a contradiction.

REMARK If it is proving that for some continuous function the equality (1) it
is not true : 1 point.
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Grading for Problem 2. Consider the sequence (z,) given by

14+ /2242
T, + 1+ ;n—i— xn+5’ n>o.

T = 2, Tp41 =
—~ 1
Prove that the sequence vy, = E 1 " > 1 is convergent and find its limit.
l‘ J—
k=1 "k

Solution. It is clear that z,, > 0 ¥n > 1 and then

Va2 422, +5 >/ (zn +1)° = 2, + 1, Vn>1.

Thus,

1 nt1
xn+1>xn+ —;—x + =x,+1 Vn > 1.

It follows, by induction, that x,, > x1 +n =2+ n Vn > 1 and then x,, — co.

Now, using the definition of x,, ., we get:
(241 — Ty — 1)2 =22 + 2z, + 5,

422 — 421 (v, + 1) + (2, +1)° = (2, + 1) + 4, and from here

Tn+1 1
xi+1—1:xn+1(xn+1):>x2 1= a1
n+1 n

But one can write

= +
Tpp =1 @+l oan -1

and then

Finally,

Since x,, — oo we get y, — 3"

Remark. The convergence of (y,) can be proved noticing that =, > n + 2 imply PR
x2 —

(for this proof of convergence of Y ) . . ..o

........ 2 points

........ 2 points

........ 4 points

........ 2 points

1
<= and thus
n

3 points
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Grading for Problem 3. Let A € M,,(C) and a € C* such that A — A* = 2al,,, where A* = (A)".
(a) Show that |det A| > |a|™

(b) Show that if |det A| = |a|" then A = al,.

@ Proof for @ =i - b, b € Ruoiii e 2 points
® PIOOE 0T B¥ = Bt 1 point
@ Telation AB € R e 2 points
@ 1elation Ay = AB @ = AB - 0huueii e 2 points
e Relation

det(A)] = iyl Aol oor s Pag] = B = 1] oo 1point

b) proof of the Telation...........ooiiiiiii e 2 points
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Grading scheme for problem 4

a) — 3 points
e 1 point for applying a convergence theorem without arguing it.

e 3 points for a correct solution either by using a convergence theorem or by differentiating an integral
with parameter.

b) — 7 points

(z2+1) 2
e 1 point:
Tn = Yn — Zn, Where
" arctg £ " dx
2 n
= 7d — —
Yn n/ox(:cQJrl)x n/o 1+ 22
/OO dx
Zn = N —.
" n 14a?
e 4 points:
1
tgt —1©
lim y,, = / e .
n— oo 0 t
e 1 point:
I 17
noeo’ T2 4
e 1 point:
lim z, = 1.
n—oo
Hence
. __1 =
Jmen =y g

Note: Any other approach which can be completed to a right solution will obtain a corresponding
amount of points.
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