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Abstract An approximation theory for semilinear evolution equations is treated in terms
of convergence theorems of nonlinear operator semigroups and three types of fundamental
results are established. For a semilinear evolution problem in a general Banach space, a se-
quence of approximate evolution problems is formulated and so-called consistency and stabil-
ity conditions for the approximate semilinear equations as well as the associated semigroups
are introduced. Under these conditions, semilinear versions of the Lax equivalence theorem
and Neveu-Trotter-Kato theorems are given. Also, in virtue of a characterization theorem
of locally Lipschitzian semigroups, an approximation-solvability theorem is obtained.

1 Introduction

This paper is concerned with approximation theorems for nonlinear semigroups in a

general Banach space (X, |- |) which provide mild solutions to semilinear problems of the
form
(SP) (d/dt)u(t)=(A+B)u(t), t>0; u(0) =2 € D.

Here A is assumed to be the generator of a (Cp)-semigroup 7' = {T'(t);t > 0} and B a
nonlinear operator from a subset D of X into X. We consider a semigroup S = {S(t);t > 0}
of nonlinear operators from D into itself which provides mild solutions to (SP) in the sense
that given an initial-value z € D the function u(t) = S(t)x satisfies the integral equation

St)r =T(t)x + /t T(t — s)BS(s)xds

for ¢ > 0. This means that (SP) admits a global mild solution for each # € D. In this
paper we employ a lower semicontinuous functional ¢ : X — [0, c0] to restrict the growth of
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the mild solutions and continuity of the operators B and S(¢). In what follows, we permit
ourselves the common abbreviation, an l.s.c. functional, in referring a lower semicontinuous
functional. It is then assumed that D C D(y) = {z € X; p(z) < oo}, and that B is con-
tinuous on each level set D, = {x € X;p(z) < a}, a > 0. Moreover, the functional ¢ is
assumed to restrict the growth of the mild solutions u(-) to (SP) in the sense that p(u(t))
enjoys an exponential growth condition of the form

p(u(t)) < e(p(z) + bt)

for ¢ > 0 and some nonnegative constants a and b. The existence of a semigroup S as
mentioned above means the global solvability of (SP).

In this paper we think of the following two cases. The first case is the case where we can
formulate a system of approximate semilinear evolution problems

(SP; n) (d/dt)u, (t) = (A, + Bn)u, (t), t>0; u, (0) =z, € D,

and assume that the semilinear problems (SP; n) are well-posed in the sense that for each n
there exists one and only one semigroup S,, = {S,,(¢);t > 0} of nonlinear operators from D,
into itself which provides mild solutions to (SP; n). In this case it is natural to investigate
general conditions under which the approximate semigroup S,, converges to the semigroup
S associated with the original problem (SP). We here make an attempt to formulate appro-
priate consistency and stability conditions for {A,, + B, } and {S,} and establish semilinear
versions of the Lax equivalence theorem and Neveu-Trotter-Kato theorem. The semilinear
Lax equivalence theorem is new and the semilinear Neveu-Trotter-Kato theorem extends the
convergence theorem due to Goldstein et al. [4]. The second case is the case in which it is
not straightforward to specify the principal part of A+ B and treat (SP) through the direct
application of the generation theorem. Such case may be considered for semilinear operators
appearing for instance in Navier-Stokes equations.

In this case it may be natural to treat (SP) via an appropriate system of approximate
evolution problems (SP;n) as well as the associated approximate semigroups S,. For this
approach we formulate appropriate consistency condition for A, + B, and stability condi-
tions for S,, and apply a characterization theorem for locally Lipschitzian semigroups to an
approximation-solvability theorem.

This paper is organized as follows: Section 2 contains some basic results on mild solutions
to semilinear problems which were established in [12] and a characterization theorem estab-
lished in [1]. In Section 3, basic conditions (C), (S), (LQD), (RC) and (EC) are introduced
and the main results are stated along with remarks. In Section 4, equicontinuity results for
approximating operators are prepared and then the local uniformity of the subtangential
condition is established. Section 5 contains our first main result. In Section 6, a semilinear
version of Neveu-Trotter-Kato theorem for locally Lipschitzian semigroups is given under
convexity conditions for D,, and ,. Finally, in Section 7, the approximation-solvability of
(SP) is discussed and the proof of our third main result is obtained.

2 Semilinear evolution equations and semigroups

Let (X, |-|) be a real Banach space. The dual space of X is denoted by X*. For z € X
and f € X*, the value of f at z is denoted by (z, f). The duality mapping of X is the
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function F : X — 2% defined by Fz = {f € X*; (z, f) = z|” = ||f||2} Given a pair z, y in
X, we define the upper and lower semiinner products (y, z),, (y, ), by the supremum and
infimum of the set {(y, f), f € Fx}, respectively.

Let D be a subset of X and ¢ : X — [0,00] a l.s.c. functional on X such that D C
D(p)={z € X;p(x) < oo} We denote by D, = {x € D;¢(z) < a} a generic level set of
D. A nonlinear operator B : D C X — X is said to be locally quasidissipative (respectively
strongly locally quasidissipative) on D(B) with respect to ¢ if for each o > 0 there exists
W, € R such that

(Bx — By,x —1); <ws|lr —y[* for z,y € D,

respectively
(Br — By,r —3)s < wa|v —y|* for z,y € D,.

By a locally Lipschitzian semigroup on D with respect to ¢ is meant a one-parameter
family S = {S(t);t > 0} of (possibly nonlinear) operators from D into itself which satisfies
the following three conditions below:

(S1) Forz € D and 5,t >0, S(t)S(s)z =S (t+s)z, S(0)z ==z

(S2) Forx € D, S(-)x € C'([0,00); X).

(S3) For each a > 0 and 7 > 0 there is w = w («, 7) € R such that

[SE)z—S(t)yl < e’ |z -yl

for z,y € D, and t € [0, 7].

We consider the semilinear problem
(SP) u(t)=(A+B)u(t), t>0 u(0) =z € D,
and we assume the following hypotheses on A, B and D:

(A) A: D(A) C X — X generates a (Cy)-semigroup 7" = {7T'(t);t > 0} on X such that
|T(t)x] < e“'|z| for z € X, t > 0 and some w € R.

(B) The level set D, is closed for each « > 0 and B : D C X — X is continuous on each
D,,.

The semilinear problem (SP) may sometimes not have strong solutions and the variation
of constants formula is employed to obtain solutions in a generalized sense. It is then said
that a function u(-) € C([0,00); X) is a mild solution to (SP) if u(t) € D for t > 0,
Bu(-) € C([0,00); X) and the integral equation

u(t) =T(t)r + /o T(t — s)Bu(s)ds

is satisfied for each ¢ > 0.

In this paper we are concerned with the case in which (SP) is well-posed in the sense of
semigroups. We say that a semigroup S is associated with (SP), if it provides mild solutions
to (SP) in the sense that for each z € D the function u(-) = S(-)z is a mild solution to (SP).

In this setting the following theorem, which was proved in [1], is valid.
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Theorem 2.1. Let a,b > 0 and suppose that (A)and (B) hold. Then the following statements
are equivalent:

(I) There is a nonlinear semigroup S = {S(t);t > 0} on D satisfying the following properties:
(L1) St)z =T(t)x + f[f T(t—s)BS(s)xds fort>0 andx € D.
(I.2) For a> 0 and 7 > 0 there is w = w(a, 7) € R such that
[S(t)e — S(t)y| < ez —y|
for x,y € D, andt € [0, 7).
(L.3) p(S(t)x) < e™(p(x)+bt) forx € Dandt > 0.

(IT) The semilinear operator A+B satisfies the explicit subtangential condition and semilin-
ear stability condition stated below:

(IL.1) For x € D and € > 0 there is (h,xp) € (0,€] x D such that
(1/W)|T(h)x + hBx — x| < e and (xy) < e(p(x) + (b +)h).
(IL.2) For a > 0 there is w, € R such that
lia(1/W)T 1)z =) + 1B = By)| = | =yl] < nfo =i

forx,y € D,.

Moreover, if the subset D and the functional ¢ are assumed to be convez, then (1), (II) and
the following statements are equivalent:

(III) The semilinear operator A+B satisfies the following density condition, quasidissipativ-
ity condition and range condition:

(III.1) The domain D(A+ B) = D(A) N D is dense in D.
(II1.2) For ae >0 there is w, € R such that
((A+B)z — (A+ By, = — y); < walz — yI?
for each x,y € D(A)N D,,.

(II1.3) For o > 0 there is \g = Ao(a) € (0,1/a) such that for each x € D, and
A € (0,\g) there is x) € D(A) N D satisfying

Ty —MA+B)zya=2 and @(zy) < (1 —a))"Hp(x) +DbN).

(IV) The semilinear operator A+B satisfies the density condition, quasidissipativity condi-
tion and tmplicit subtangential condition which permits errors as stated below

(IV.1) D(A) N D is dense in D.
(IV.2) For a > 0 there is w, € R such that
(A4 B)z — (A+ B)y,z — y); < walz — yI?



for z,y € D(A)N D,,.
(IV.3) For a > 0 and € > 0 there exists \g = Ao(a,€) such that for X € (0, \) and
x € D, there exist xy € D(A)N D and z\, € X satisfying |z\| < e,
zy — MA+ B)zy =z + A2y and p(xy) < (1= Xa) He(z) + (b+e)N).

(V) The semilinear operator A+B satisfies the quasidissipativity condition and sequential
implicit subtangential condition stated below:

(V.1) For each oo > 0 there is w, € R such that
((A+ B)z — (A+ By, — y); < walz — yf
for x,y € D(A)N D,.

(V.2) For each x € D there exists a null sequence {h,} of positive numbers and a
sequence {x,} in D(A)N D such that

(V.2a) lim (1/hy,) |z, — hn(A+ B)z, — 2| =0,

(V.2b) lim (1/hn) [p(z0) — ¢(2)] < ap(@) + 0,
(V.2¢) lim |z, — x| = 0.

n—~oo

As mentioned in the Introduction, a semilinear operator A + B is a nonlinear operator
such that the linear part A plays an essential role in the characterization of mild solution
to (SP). The following result shows the significance of the representation of a semilinear
operator A + B. See [12].

Theorem 2.2. Let S = {S(t);t > 0} be a nonlinear semigroup on D such that BS (-)z €
C([0,00); X) for each x € D. The following statements are then equivalent

(i) S(t)x:T(t)x+fJT(t—s)BS(s)a:ds fort>0 and x € D.

(ii) 1}1%1 (1/h)[S(h)x — T (h)x] = Bx for x € D.

(iii) 1}1%1 (1/h) (S (h)x —x),x*) = (x, A*z*) + (Bzx,x*) forx € D and z* € D (A*).

(iv) (d/dt) ((S (t)x,z*)) = (S (t) x, A*x*) + (BS(t) x,2*) fort > 0,z € D and x* €
D (A*).

(v) [y S(s)xds € D(A) and S(t)x = x + A [, S (s)xds + [, BS (s)ads fort > 0 and
reD.

In the above, condition (ii) states that A + B is the semilinear infinitesimal generator of
S; (iii) states that A + B is the weak tangential operator to S; condition (iv) means that
S provides weak solutions to (SP) in the sense of Ball; (v) describes that S yields integral
solutions to (SP).

Condition (II.2) guarantees the uniqueness of mild solutions to (SP).

Theorem 2.3. Suppose that condition (11.2) is satisfied. If u(-) and v(-) are locally -
bounded mild solutions of (SP), then

[u(t) = v(t)] < 7 u(0) - v(0)|
fort € [0, 7] with o(u(t)),p(v(t)) < a .



3 Main results

We consider the semilinear problem (SP) under the basic hypotheses (A) and (B).
Suppose that there exists a locally Lipschitzian nonlinear semigroup S = {S(¢);t > 0}
satisfying the following conditions:

t
(3.1) FortanndxeD,S(t)x:T(t)x—l—/ T (t—s)BS(s)xds.
0
(3.2) Fort >0 and x € D, ¢ (S (t)z) <e™ (¢ (x)+ bt), where a,b > 0.

In other words, the locally Lipschitzian semigroup S provides mild solutions to (SP) and
satisfies the growth condition (3.2). Note that Theorem 2.1 gives necessary and sufficient
conditions for the existence of such semigroup.

We consider the approximate evolution problems

(SP; n) u, (t) = (A, + Bp)uy, (t), t>0; U, (0) =z, € Dy,

n

where D,, C X and ¢,, : X — [0, 00] are proper Ls.c. functionals such that D, C D (¢,) =
{z € X;p,(x) < o0}

We assume that the operators A, and B, with domain D,, satisfy the basic hypotheses
stated below:

(A,) A, : D(A,) C X — X generates a (Cp)-semigroup T, = {7}, (t);t > 0} on X and
there is w, € R such that |T'(t)z| < e“r*|z| for each z € X and t > 0.

(By) Dy = {x € Dy, pn (x) <a} is closed in X and B, : D, — X is nonlinear and
continuous from D, , into X.

Suppose that for each n there exists a locally Lipschitzian semigroup S,, = {5, (t);t > 0}
on D,, such that

(3.3) Sn () xn =T, () x, + /t T, (t —s) B,Sy (s) xpds
and
(3.4) o (Sn () zn) < €™ (0n (n) + bt)

for each t > 0 and z,, € D,,.

The operators A,, and B,, with domains D,, are supposed to be the approximate operators
to the operator A and the operator B with domain D. In order to assure this, we impose
the so-called consistency condition for A,,, B, and D,,. In what follows we say that {z,} -,

is a {¢, }-bounded sequence if x,, € D, for each n > 1 and sup ¢, (z,) < oc.
n>1

CONSISTENCY CONDITION

(C) The following conditions are satisfied:



(Cl) Forz € X and 7 > 0, T,,(t)x — T (t)x as n — oo, uniformly with respect to
t € 0,7].

(C2) For all @ > 0 there is § = () > 0 such that for each € D,, there is {z,} with
zn € Dy g and x,, — x as n — oo.

(C3)If x € D, x, € D, lim ¢, (z,) < oo, and x,, — = as n — oo, then B,z, — Bz in

X as n — oo.

Condition (C1) is understood to be a consistency condition for A,’s in the sense that the
convergence of their resolvents (I — AA,)~! to (I — AA)~! is derived by taking the Laplace
transforms of 7},’s. Condition (C2) states that each level set D, is approximated by elements
of the level sets D, g such that 3 is independent of n and is chosen so that 3 > « in general.
Condition (C3) may be interpreted as a {¢, }-bounded continuous convergence of B, to B.

Remark 3.1. If D,, = D is independent of n, (C) becomes much simpler since it is not
necessary to choose sequences {x,},>1. However, if €A + B is regarded as a singular per-
turbation of B then we necessitate treating the case in which D,, C D; if A+ B is treated
through discrete approximations, then we have the condition that D,, D D. Therefore, it is
important to assume that D,, does depend upon n and formulate conditions (C2) and (C3).

In addition to conditions (C1) through (C3), we employ the following condition:
(EC) For z € D and for a {¢, }-bounded sequence {z,},>1 with x,, — = as n — oo,

sup |S,(t)x, —x,| — 0ast — 0.

n>1

This condition states that the family {S,(-)z,} is equicontinuous at ¢ = 0 from the right.
The above condition may be called an equicontinuity condition for S,’s. It should be
noted that (EC) implies (S) via the uniform boundedness principle provided that A,, B,
and S, (t) are all linear.
It is also necessary to impose uniformity for the local Lipschitz continuity of the approxi-
mate semigroups .S,,, which prevent blow-up situations in their convergence. We then impose
the following stability condition:

STABILITY CONDITION

(S) There is a separately nondecreasing function w : [0, 00) X [0, 00) — [0, 00) such that
|S7l (t) Ty — Sn (t) yn| S GW(O‘J)t |:En - yn|

fort >0, >0, z,, y, € Dy and n =0, 1, 2,---, where Sy is understood to be the limit
semigroup S.

Under the above assumptions we obtain our first main result (Theorem 5.1).

Theorem 1. Let {S,}.>0 be a sequence of locally Lipschitzian semigroups satisfying (3.3)
and (3.4). Suppose that the consistency condition (C) and stability condition (S) are satisfied.
Then (EC) holds if and only if the statement (1) below is valid.



() If z € D, {xn},5, is a {pn}-bounded sequence and x, — x as n — oo, then
Sy (t) xp, — Sy (t)x as n — oo fort >0,
and the convergence is uniform on bounded subintervals of [0, 00).

The above result may be interpreted as a semilinear version of the Lax equivalence
theorem. In fact, if B is linear, then by the uniform boundedness principle condition (EC)
implies (S). This means that under the consistency condition the convergence of {S,} is
equivalent to the uniform boundedness of {5, }.

In order to formulate a semilinear version of Neveu-Trotter-Kato theorem, we employ the
following two conditions listed below. Here Ay = A, By =B, Dy = D, @9 = ¢ and Sy = S.

The first condition (LQD) means that the family {A, + B, },>0 is uniformly quasidissi-
pative in a local sense:

(LQD) For each n > 0 and a > 0 there are w, , € R with supw, , < 0o such that
n>0

<<An + Bn) Ty — (An + Bn) Yny Tn — yn>l S wn,a |xn - yn‘2
for each z,,, y, € Dy q-

The second condition (RC) states that the domain D(A,) N D, of A, + B, is dense in
D,, and the range of I — \(A,, + B,) is sufficiently large for each n.

(RC) Forn =0, 1, 2---, D(A,) N D, is dense in D,; for a > 0 and there is Xy, =
Mo (@) € (0,1/a) such that to A € (0, \,,) and z,, € D, ,, there corresponds z} € D (A,) N
D,, satistying

zh — A(A, + B,) z =z, and ¢, () < (1 — Aa) " (@ () + D).

n

From our characterization theorem, Theorem 2.1, it follows that both (LQD) and (RC)
hold if and only if there exists a sequence {5, },>o of locally Lipschitzian semigroups satis-
tying (S), (3.3) and (3.4) provided that D,, and ¢,, are all convex. In view of this fact, our
second main result (Theorem 6.1) may be stated as follows:

Theorem 2. Let {S,}n>0 be a sequence of locally Lipschitzian semigroups satisfying (3.3)
and (3.4). Asssume that conditions (C) and (S) hold, and that D, and p, are convex for
n=0,1,2,---. Then the following three statements are equivalent:

(I) If zo € Do, {zn},>, s a {pn}-bounded sequence, ¥, — o as n — oo, then
Sy (t) xp, — So (t) 9 as n — oo fort >0
and the convergence is uniform on bounded subintervals of [0, 00).

(IT) For each oo > 0 there is § = B(a) > 0 such that to xy € D (Ag) N Dy there corresponds
a sequence {Tn},~, such that

xn € D(A,) N Dy g,z — xand (A, + By) x,, — (Ao + Bo) xg asn — oo.



e following statements are valid:
(IIT) The foll g lid
(III.1) For each o > 0 there is \y = A () € (0,1/a) such that if X € (0,)\1),

Tp € Dypgo form > 1, 29 € Doy, and x,, — x9 as n — 00, then there exist
z) € D(A,) N D, and ) € D (Ay) N Dy satisfying

) = AN (A, + Bp)x) =2, , 0, (xﬁ) <(1- )\a)fl (on (xn) + 0N,

xy — A(Ag+ Bo) 2y = xo , o (z5) < (1 — Aa) " (@ (z0) 4+ DN)
and x)) — xy as n — o0o.

(I1.2) If € > 0, g € Do, {%n}, 51 i {pn}-bounded and v, — xo as n — oo, then
there are a {p,}-bounded sequence {z,},-, and 20 € Do N D(Ag) such that

z2n € D(A,) N D,y 2z — 29 as n — 00, and sup |z, — x,| < €.
n>0

It should be noted that the convexity assumptions for the domains D,, and the functionals
¢, are essential for the verification of the implications (I) = (II) and (I) = (III).

There are many cases in which it is difficult to treat (SP) unless we apply appropriate
regularization or approximation procedures. In such situations it is important to construct
the solutions of (SP) using the approximate solutions of (SP; n). Our third main result
(Theorem 7.1) is called the approximation-solvability theorem.

Theorem 3. Let D be a closed subset of X,
D = {z € X,z is a limit of some {x,} with z, € D, forn > 1}
and ® : X — [0,00] a functional defined by

& (2) = {inf{n@gon (xn);xn € Dpsxy — xasn — oo} forxeﬁ

00 otherwise.
Suppose that (C1), (C3), (EC), (S) for n > 1 and the following condition are satisfied:
(C4) The following conditions are valid:

(C4.a) For each x € D there is a sequence {x,} such that x, € D,, lim ¢, (z,) < oo and
Ty — X asn — 0. e

(C4.b) There is f > 0 such that D, 53 # 0 for each n > 1.
(C4.c) If v, € Dy, lim |2,,| < oo and lim ¢, (v,) < oo, then lim d(x,, D,) = 0 for each

n—oo

a > lim @, (z,).

Then there ezists a locally Lipschitzian semigroup S = {S (t);t > 0} satisfying

t
(i)S(t)x—T(t):U+/T(t—s)BS(s)xds fort >0 andzx € D ;
0
(i) ®(S(t)x) <e™(P(x)+0bt) fort >0 and x € D.
Moreover, if v € D, x, € D, lim ¢, (z,) < oo and z, — x asn — oo , then
Sp(t)z, — S(t)x asn — oo,

and the convergence is uniform on bounded subintervals of [0,00) .



4 Equicontinuity of approximating operators

This section is concerned with the uniformity on compact sets of the subtangential con-
dition (II.1) in Theorem 2.1. To this end, we first discuss equicontinuity of the family of
nonlinear operators { B, },>1 on level sets and demonstrate that condition (EC) is equivalent
to the equicontinuity as well as uniform boundedness of {B,,S,, }n>1.

Lemma 4.1. Under condition (A), (A,) and (C1), we have:
(i) For each T > 0 there exists M, < oo such that

(4.1) sup |T,, (t)| < M, fort e [0,7].

n>1
(i) If {xn} is convergent in X |, then

(4.2) sup |T,, (t) xp — x| = 0 ast ] 0.
n>1
(iii) T,, (t) z,, — T (t) x uniformly on bounded sets of [0,00) for each x € X and each
{z,} convergent to x.

The first statement follows from the uniform boundedness principle applied to the family
of operators T}, (). The third statement (iii) is obvious from (i) and (C1). It is easily seen
that (iii) implies (ii). As well-known, (4.1) implies ||T,, (¢)|] < Me“* for all n > 1 and some
M, weR.

Under conditions (B,,) and (C3), it is shown that the family {B,} of nonlinear operators
is equicontinuous in the following sense.

Lemma 4.2. Suppose that conditions (B,) and (C3) hold. Let ¢ > 0, a > 0, x € D
and let x,, € D, , be such that v, — x in X as n — oo. Then there is a number r =
r(e,a,{x,},x) >0 such that

(43) sup |Bn~rn - Bnyn’ S €

n>1

for any sequence {y,} satisfying y, € D, o and sup |y, — x,| < r.
n>1

Proof. It suffices to show that if {{yn } >1} is a sequence of sequences such that
n >1
(k)

Bnyf«bk) — B,x,| — 0 as k — oo.

y* € D, and sup |y — 0 as k — o0, then sup
n>1 n>1
Suppose to the contrary that the above statement does not hold. Then there exists a sequence

_xn

{{yn }n>1} " , a number g9 > 0 and a divergent subsequence {kl}lZl such that yék) € Dy.q,

sup ygk) —x,| — 0as k — oo and sup Bnyﬁlkl) — B,x,| > ¢ for | > 1. Then for each [ there
n>1 n>1

is n; > 1 such that

(4.4) 1By — By, | > 20/2.

For the subsequence {n;};>1 so chosen, we consider the following two cases:
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Case 1. If {n;} is bounded, then it contains a constant subsequence for which we also write

{n;}. Since (k1) (k1)

Yn) — Tpy| < SUP |yn " — xn| — 0 as I — o0, (4.4) contradicts the continuity of

n>1

B, on level sets.

Case 2. If {n;} is unbounded, then it contains a divergent subsequence, which we also

yi!) — x| < sup |y —
n>1
we use (C3) to conclude that Bmygfl) — Bz as | — oo. But B,,z,, also converges to Bz,

which contradicts (4.4). This completes the proof.

denote by {n;}. Since +|x,, — 2| = 0asl — oo, and ik e Dy, o

]

Remark 4.1. As a sufficient condition for (EC), we may assume that the family of nonlinear
operators {B,} is equi-Lipschitz on level sets, namely, for n > 1 and o > 0 there exist
Wn,o € R such that

|Bn$n - Bnyn| < Wna |xn - yn|

for z,,, y,, € D), o, and supw,, o < oo for each o > 0.
n>1

In fact, let S, = {S,(t);t > 0}, n € N, be a sequence of locally Lipschitzian semigroups
satisfying (3.3) and (3.4). Let a > 0,0 >0, 3 > e®(a+bd), z € D, x, € D, o, and z,, — .
Then, by Lemma 4.1, |T,, (s) | < Ms, forn > 1, s € [0,0] and some M;. Since S,,(s)z, € Dy
for s € [0,0] and n > 1, we obtain

¢
1Sy () 2, — x| <|Th (t)a:n—xn|—|—/ |T,, (t — ) [BnSy () xp — Bpxy]|ds
0

t
+ / Ty, (t — s) Bpay| ds
0
t
<|T, (t) xp — xp| + M(;/ | BpSn (S) yy — Bpy| ds + Mst | By,
0
for t € [0, d]. Using the equi-Lipschitz continuity of B,,, we have
|Sy(t)xn, — x| < sup [T, (t)x, — x| + tMssup | B,z,| + M5 supwng / |Sy (t) s, — 0| ds.
n>1 n>1 n>1
Applying Gronwall’s inequality, we get
1S, (t) 2 — 2| < c(8) Mot
where

c(9) = sup |sup|T, () z, — xn\] + dMssup | Byx,| and wg = sup wy, g.
t€(0,6) Ln>1 n>1 n>1
By Lemma 4.1, ¢(d) — 0 as 6 — 0 and so it is shown that (EC) holds.

The advantage of imposing the equi-Lipschitz continuity condition on {B,} is that by
means of appropriate renorming we may employ (Cp)-semigroups {7},} such that |T,(t)| <
Me™* for t > 0 and some M > 1. See [13].

We now show that (EC) is related to the equicontinuity as well as uniform boundedness
of {B,S, (*) xn}.
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Lemma 4.3. Let {S,}n>1 be a sequence of locally Lipschitzian semigroups satisfying (3.3)
and (3.4). Assume that conditions (C1) and (C3) hold. Then condition (EC) is equivalent
to any one of the following conditions:

(I) If v € D and {x,} is a p,-bounded sequence, x, — x as n — oo, then

sup |B,S, (t) x,, — Bpxy| — 0 ast | 0.

n>1

(Il) If x € D and {z,} is a pp-bounded sequence, x,, — x as n — oo, then there exist
M >0 and 6 > 0 such that
sup | BpSy, (1) x,| < M

n>1

fort €]0,6].

Proof. (EC) = (I) : Let € > 0,2 € D and let {x,} be a {¢,}-bounded sequence such

that z, — x as n — oo. Let a = supp, (7,), hg > 0 and 8 > e (a+ bhg). Then
n>1

Sn (t)x, € Dy for t € [0,hg]. Let r = r(e,5,{zn},x) be a number given by Lemma 4.2
and choose any h, € [0, ho] so that

sup |S,, (t) xp, — x| <r fort €[0,h,].
n>1

Then sup |B,S,, (t) z,, — Bpxy,| < € for t € [0, h,| by Lemma 4.2. This shows that statement

n>1

(I) is valid.
(I) = (II) : Let e > 0 and § > 0 be such that sup|B,S, (t) x, — B,x,| < ¢ for each

n>1

t € 0,0]. One then obtains

sup | B,,Sy (1) x| < € + sup [ B,y

n>1 n>1

for t € [0,0]. Since B,x, — Bz by (C3), sup |B,S,, () z,| is bounded on [0, d].

n>1

(I) = (EC) : Let M > 0 and 6 > 0 be the numbers given in (II) and let ¢ € (0, J).
Using Lemma 4.1, we have

|Sy (t) xp, — xn| < |To (t) T, — x| + M Mst,

and therefore
sup |S,, (t) xp — x| < sup |1, (t) z, — x| + M Mst.

n>1 n>1

Letting here ¢ — 0, we obtain condition (EC). O

Applying Lemmas 4.1 and 4.2, we obtain the following key result which represents the
local uniformity of the subtangential condition.
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Theorem 4.1. Let S, = {S,(t);n > 1}, n € N, be a sequence of locally Lipschitzian
semigroups satisfying (3.3) and (3.4). Suppose that conditions (C) and (EC) hold. Let
x €D, {x,} be a {p,}-bounded sequence, and let x,, — x as n — co. Then

(4.5) l}%l {sup (1/h)|T, (h) z,, + hBpx, — Sy (h) xn|] = 0.

n>1

Proof. Let € > 0,6y > 0 and 3 > %% (sup on () + 1)50). Then

On(Sn(t)zn) < eat(@n(xn) +0t) < 3

for t € [0,6]. Let My, be a positive number given by Lemma 4.1, (i). Also, we may choose
with the aid of Lemma 4.2 a positive number r = r (¢/2Ms,, 3, {z,} , ) such that y, € D, 5
and sup |y, — x,| < r imply sup |B,y, — Bpx,| < €/2Mjs,. Since B,x, — Bz by (C3), it

n>1 n>1

follows from Lemma 4.1 and (EC) that there exists g € (0, 8) such that

sup |T,, (t) Byxp, — Bpxy| <e/2 and sup |Sn (t) xpy — xp| <7

n>1

for ¢t € [0, ho]. Hence we have

(4.6) |T,, (t) Bpyn — Bpxn| < Ms, | Bz, — Buy,| + sup (sup T, (t) Bpx, — ann|) <e

tel0,h] \n>1

for y, € Dy, g, sup |y, — x,| < r and t € [0, hy]. Therefore, we obtain the estimate
1

n>

(1/t) | T, (t)xp, + t By, — Sp(t)z,| < (1/t) /Ot T, (t — s)BpSn(s)x, — Bpay|ds < e

by (4.6). This concludes that (4.5) holds. O

5 Convergence theorem

This section is devoted to the proof of Theorem 1 which is stated as follows.

Theorem 5.1. Let {S,,},>0 be a sequence of locally Lipschitzian semigropus satisfying (3.3)
and (3.4). Suppose that conditions (C) and (S) are satisfied. Then condition (EC) is equiv-
alent to the statement (1) below:

() If v € D, {zn},>, is a {¢n}-bounded sequence and x, — x asn — oo, then
Sy (t) xp, — S (t)x as n — oo fort >0,

and the convergence is uniform on bounded subintervals of [0, 00).
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Proof. (I) = (EC) : We use Kisyniski’s sequence space. See also [2], [3], [8], [9], [10]. Let
X =c(X)={z= {Zn},057n € X, 20 — 29 a5 0 — 0o}

be the space of convergent sequences in X, with norm [{z, },>0| = sup |z,|. Let {z,} -, be

n>1

a {¢, }-bounded sequence such that x,, — x¢ as n — oo, for some xo in D.
For t > 0, we define an 2 -valued function by

V(t) = {Sn(t)xn}nzo-

This is well-defined in 2" under condition (I). For each N > 1 and each ¢ > 0 we define

Sp(t)xy, for0 <n <N -1,

VN(t) = {Un(t)}n207 Un(t) = {So(t)$0 for n > N.

It is easily seen that, for each N > 1, Viy(+) is continuous over [0,00) in £~ and

[Viv(t) = V(1) = sup [ Sy (t)z, — So(t)zol -

n>N
From statement (I), for each € > 0 and 7 > 0 there is N = N_, such that n > N, implies
|Sn(t)xn, — So(t)xo| < € for each t € [0, 7].

Hence N > N., implies sup |Vn(t) — V()| < €, and consequently V(-) is continuous in 2.
t€[0,7]
Since the sequence {z,},-, was arbitrary, one obtains that condition (EC) is satisfied.

We next demonstrate that (EC) implies (I). Assume that (EC) holds. Let x € D and {z,}
be a {¢,}-bounded sequence converging to x. Let 7 > 0 and o > 0 be a number such that
a > e (¢ (x) 4+ br), which implies S (t)z € D, for t € [0,7]. Let 8 = () be a number

given by (C2). Without loss of generality we may assume that § > e (| sup ¢, (x,) + b1
n>1
which implies S, (t) € D, s for t € [0,7] and n > 1.

STEP 1 Let € > 0. In this step we construct a finite sequence {t;}2_, in [0,00) and a

finite sequence {{yﬁlk)} of sequences in X satisfying the following conditions:

n>1 }kzo

i)ty=0,ty =7, ng)—xnfornZL
11)O<tk+1—tk<€

(
(
(iii) s EDng,y,(1 — S (tg) x as n — oo;
(i

iv) hm T (tesr — tr) y + (trs1 — ti) By - S, (thr1 — tr) yP| < (thyr — tr) €
and
T (teg1r — te) S (tr) © + (tpgr — te) BS (te) & — S (tpe1 — tr) S (&) | < (tp1 — tr) €.
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First we set tg = 0 and {yg))}n>1 = {xn}@l. Here (i) and (iii) are valid for £ = 0. Let
k > 0 and assume that {tj}jfzo and {{y?(lJ )}}jzo have been constructed in such a way that
(ii), (iii) and (iv) are satisfied.

If t;, < 7, we define

(5.1) he = sup {h € (0,¢] N (0,7 — t); (5.2) and (5.3) hold},
where

(5.2) nh_)ngo |T,, (h y® + hB,y™ — S, (h) yflk)‘ < he,

and

(5.3) 1T (h) S (ty)x — hBS (t) x — S (h) S (t) x| < he.

By Theorems 2.2 and 4.1, it is seen that hy > 0. We then choose an appropriate number
hi, € [hi/2, hy] so that (5.2) and (5.3) hold for h = hy. We put ty1 = tp+hy (< 7) and apply
(C2) to find a new sequence {y( +1) }n>1 such that yflkﬂ) € D, s and yg”l) — S (tgs1) @
Hence (iii) holds for . It is also seen from the definition of by that (ii) and (iv) hold for
tr+1. One now continue constructing the numbers ¢; and sequences {y } so far as t; < 7.

Next, we show that 7 is attained in finite steps. Suppose to the contrary that ¢, < 7 for
all k > 0. Then there exists s = lim ¢, < 7, and so S (s)z € D,. By (C2) a sequence {z,}

k—o0
can be found such that z, € D, 3 and z, — S (s)z as n — oco. From Theorems 2.2 and 4.1

we infer that there exists h € (0, ¢] such that

(5.4) sup (1/h)| T, (h) 2 + hBpzp — Sy (h) 20| < €/3
and
(5.5) (1/h)|S(h) S (s)x —hBS (s)x —T (h)S(s) x| <e/3.

Our aim here is to show that (5.4) or (5.5) is violated. Since the series > h,, is summable,
n=1

there must exist N > 1 such that }Alk < h for all kK > N. This implies that for each £ > N
we have either
lim |7, (h) 4 + hB,yH — S, (h) yP| > he,

n—00
or

T (h) S (t) = + hBS (tx)x — S (h) S (t) 2| > he.

Hence, it would be concluded that either

lim |7, (h M+ hByH) — S, (h) yﬁf)} > he

n—oo

for infinitely many k£ > N, or

T (h) S (te) x + hBS (tx)x — S (h) S (t) 2| > he

15



for infinitely many & > N. In the first case, there is a subsequence {k;} ;>1 such that & > N,
k; — oo and
lim |7, (h) y¥*) + hB,y%) — S, (k) y¥0)| > he

n—oo

for [ > 1. Then there is a subsequence n; > 1 such that n; > n;_ ,

(5.6) |T,,, (R) Y& + hBy g — S, () 4| > hej2 for 1 > 1,
and
(5.7) [yl — S (t,) x| < 1/ka.

Since S (ty,) x — S (s)x and z,, — S (s) z as k; — oo, we deduce from (5.7) that
(5.8) |2, — ynl ‘ — 0 asl — oo.
We here observe the inequality

|Tnl (h> Zny + thzan o Sm (h) Zm’ > ‘Tm ( + thyn’lgl) Sm (h) ygjl)‘
| By = Bz | = Ty (h) y< i’ Toy () 2| =[Sy (B) 935" = Sy () 2]

ny

and denote the second, third and fourth terms in the right-hand side by .J;, Jo and Js,
respectively. We have

Jo = |T, () y — T, (B) 20| < My |yl — 2| — 0
as | — 0o, by (5.8), where M}, is a constant given by Lemma 4.1 (i). One also has
Jl =h |Bmyn1 - anznl| —0
as | — oo, since both B,,y,, and B,, z,, tends to BS (s)x as | — oco. Moreover,
J3 = [Sn, (B) YD — Sy, (B) 2| < PR |y — 21— 0

as k; — oo, by (5.8).

Hence, for [ sufficiently large, (5.6) implies |7}, (h) zn, + hBp,2n, — Sn,(R)2n,| > he/3,
which contradicts (5.4).

In the second case, there is a subsequence {k;},~,, such that k; > N for { > 1, k; — o0
as [ — oo, and -

|T (h) S (tx,) x + hBS (t,) v — S (h) S (ty,) x| > he
for [ > 1. Letting | — oo we obtain
T (h)S(s)x+ hBS(s)x—S(h)S(s)x| > he,

which contradicts (5.5).
Thus it is concluded that ty = 7 for some N > 1, and that Step 1 is complete.

STEP 2 In this step we demonstrate that S,, converges to S.
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Let {tx}2_, and {y,(f)}ml, be sequences constructed in Step 1. Let t € (¢, tx41] for some
k with 0 <n < N —1. Then

(5.9) 1Sy (t) 2 — S (t) w| <|Sp (t) T — S (trt1) Tn| + [Sn (Ers1) Tn — S (Ery1) 7
+ 1S (tgr1) x — S (t) 2| .

Using the stability condition (S), one can show that

(5.10) 1S, (8) Zn — S (tist) 2n| < e*PITIS, (tppy — ) T — T
forn > 1, and

(5.11) 1S (tpsr) x — S (t) 2| < e @IS (tpyy — t) & — x| .

It now remains to estimate the second term on the right-hand side of (5.9). Using condition
(S), one obtains

(5.12) |Sy (trgt) T — S (tpyr) | < 2B Eer1=t) (|Sn (tg) xn — S (tg) x| + |S (tg) x — y,(f)|)
+ 10 (b — te) Yy — S (trr) ] -

We also have

| S (te1 — te) y = S (try) x|
< | (trr — te) y = T (b — te) P = (trr — t) BayP|
+ | T (b — tr) Y — T (b1 — ) S (t) | + (trsr — ta) | Bay(® — BS (1) 2
T (bpsr — 1) S (t1) @ + (besy — t8) BS () & — S (tern) 7] -

Taking the limit superior in (5.12) gives

lim |S,, (tps1) Zn — S (try1) 7| < @) e =t) Timy 1Sy (te) T — S (t) x| + 26 (tgy1 — tr)

n

+ n@o |Tn (tk—i-l — tk) yr(f) -T (tk—i-l — tk) S (tk) $| .

Since lim [T}, (tpy1 — t1) yék) — T (tip1 — tr) S (tr) x‘ = 0 by Lemma 4.1, it follows that

n—oo

im |Sn (tk+1) Tn — S (tk+1) JJ| S ew(B’T)(thrlitk) m |Sn (tk) Ty — S (tk> $| + 2¢ (tk+1 — tk) .

n n

Denoting lim |S,, (tx) ¥, — S (tx) x| by Ly, we obtain
Lyy < 0D Ly 49 (80 — 1) , Lo = 0.
This recurrent inequality implies

(5.13) lim |S,, (tgr1) Tn — S (tpgr) 2| < 2ere? (BT

n—oo
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Passing to limit superior as n — oo in (5.9) and applying (5.10), (5.11) and (5.13), one
obtains

m |S, (t) 20 — S (t) 2]

n—oo

< BT [E 1Sy (tryr — ) 2 — 0| + 287’] + @ISty — t) 7 — 7|

n

< BT lsup (Supysn (h) z,, —xn\) +2e7 + sup [S(h)x —xf|

hel0,e] \n>1 he(0,e]
Since
sup (sup |Sy (h) ., — :Un\) —0 ase |0
he€[0,e] \n>1
by (EC) and

sup |[S(h)x —z| —0 ase]0
he(0,e]

we conclude that

lim |S, ()7, — S (t)z| =0 uniformly on [0,7].

n—oo

This means that S, (-) z, converges to S () x uniformly on [0, 7]. Thus the proof is complete.
[

6 Semilinear Neveu-Trotter-Kato theorem

In this section we discuss a semilinear version of the Neveu-Trotter-Kato theorem under
the assumption that D,, and ¢,, n =0,1,2,--- are convex. Let {S,},>0 be a sequence of
locally Lipschitzian semigroups satisfying (3.3) and (3.4). Our aim is to give the proof of
a semilinear Neveu-Trotter-Kato theorem under the stability condition (S). As mentioned
in Section 3, condition (S) is equivalent to the combination of (LQD) and (RC) stated as
below:

(LQD) For n > 0 and o > 0 there exist w, , € R such that supw, , < 0o and

n>0
2
|

((Ay + Bp)xn — (An + By) Yny Tn — Yn); < Wna |Tn — Un for each x,,,y,, € Dy 4.

(RC) Forn =0, 1, 2---, D(A,) N D, is dense in D,; for a > 0 and there is Xy, =
Mo (@) € (0,1/a) such that to A € (0, \,,) and z,, € D, ,, there corresponds z} € D (A,) N
D,, satisfying

Ty = A Ay + By) ) = m, and @, (23) < (1= Aa) ™" (@ (25) + bA) -

n

Remark 6.1. Asshown in [11, Theorem 3.1], it is seen that Ay, can be chosen independently
of n. More precisely, for each o > 0 we may take the constant

Ao (@) =X (@) = min{ (max{sup w,a, 0})_1, (a(a+2)+ (b+ 1))_1}.

n>0

18



We now state our second main result

Theorem 6.1. Let {S, },>0 be a sequence of locally Lipschitzian semigroups satisfying (3.3)
and (3.4). Asssume that conditions (C) and (S) hold, and that D,, and ¢, are convex for
n=0,1, 2 ---. Then the following statements are equivalent.

(I) If xo € Do, {xn}, >, 18 a {¢n}-bounded sequence, x, — o asn — oo, then
Sy (t) 2y — Sy (t) g as n — oo fort >0
and the convergence is uniform on bounded subintervals of [0, 00).

(IT) For each oo > 0 there is § = B(a) > 0 such that to xy € D (Ag) N Dy there corresponds
a sequence {Ty},~, such that

xn, € D(A,) N Dy g,z — xand (A, + By) x,, — (Ao + By) 2o asn — oo.

(IIT) The following statements are valid:

(IIL.1) For each o > 0 there is A\ = A () € (0,1/a) such that if X € (0, ),
Ty € Dpo forn > 1, 29 € Dyg, and x, — x9 as n — 00, then there exist
x) € D(A,) N D, and ) € D (Ay) N Dy satisfying

2 = N(Ay + By wh =, 00 (1) < (1= Xa) " (95 (w0) + DA,
xy — A(Ag+ Bo) xy = o , o (z5) < (1 — Aa) " (@ (x0) 4+ DN)

and x) — xy as n — oo.

(II1.2) If e > 0, zo € Do, {Tn},>1 5 {n}-bounded and x, — w9 as n — oo, then
there are a {p,}-bounded sequence {z,},-, and 20 € Do N D(Ag) such that

z2n € D(A,) N D,y 2z, — 29 as n — 00, and sup |z, — x,| < €.
n>0

Proof. (I) = (II) : Suppose that (I) holds. Let o > 0 and zy € D (Ag) N Dy . By (C2),
one finds a number v > 0 and a sequence {xn}n21 such that z,, € D,, , forn > 0 and z,, — x

as n — o0o. Set zl'=(1/h) foh Sy (t) zpdt, for n > 0 and h > 0.
We see from Theorem 2.2 that 2 € D (A,) N D,, and
h
Apzh + (1/h)/ B,.S, (t) x, dt = (1/h) (S, (h) 2, — xy,) for n > 0.
0
Let 3 > e (v + b). Since
h
ou (58) < (/1) [0 (S, ®)ma) dt < e (0 () + B1) < 3
0
for n > 1, it follows that 2! € D, 5 for n > 1 and h € (0, 1].
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Let € > 0. We have
[(An + By) alt — (1/h) (Su (R) 2, — 2,)]

h
Bzl — (1/h) / B,S, (1) xndt‘
0

IN

h
< (l/h)/ | BpSy, (t) ©y — Bpxy| dt + {anz - Bnmn{ :
0
From condition (I) and Lemma 4.3 it follows that there is § € (0, 1] such that

(6.1) (A, + By) zh —(1/n) (S, (h) x, — z,)| <e for h € (0,6] and n > 1.

Since xff — xg as h — 0 and ¢ € D (A4y) N Dy, we have

h

and, by Theorem 2.2 (ii),

(63) |(A0 + Bo) To — (l/h) (SO (h) To — fL‘Q)| <ég,

for h € [O, 5} and some 6. We here take 4 to be smaller than 8. Then |:1:Z — x0| < ‘ZBZ - xn‘ +
|, — @], and so (6.2) implies that lim |z — x| <,

[(An + By) 2l — (Ao + Bo) o| < 2+ |(1/h) (Sn (B) T — 2) — (1/h) (So (h) 2o — 20)] -
which implies that lim }(An + B,) 2" — (Ag + By) :c0| < 2¢. From this we infer that there
exists a sequence {yy, },-, such that

Yn € Dy gforn>1, y, — zo and (A, + By) yn — (Ao + Bo) zo as n — o0.

Thus (IT) follows.

(IT)=(III) : 1. We first derive (III.1). Let a > 0, x,, € D,, o for n > 0, and let z, — x
as n — o0o0. Let A\o(a) be the number specified in Remark 6.1 and § a number given for
v = (1= Xo(a))™" (a4 bro(a)) (instead of a) by (II). Then it follows from (RC) that for
n>0and XA € (0, \o(c)) there exists an 2} € D,, such that

Tn = AM(An + Bp) ay =z and @, () < (1= 2a)™ (@n (20) +DA) < 7.

Now, for each A € (0, \g(«)), (II) asserts the existence of a sequence {y’\}n>l such that

yr € D(A,) N Dyg, yp — xy and (A, + B,y — (Ao + By) 7} as n — oo.

At this point we necessitate assuming that 3 > ~ and choosing a number A\;(«) so that

M) < min{Ao(a) : (supwn,g)}. Let A € (0,A\i(a)) and 2} = 3} — A (A4, + B,)y) for
n>1

n > 1. Then, by (LQD), we have

(6.4) ’z’\ Tn| = |yp — A (An + By) yr — ) + N (A, + B,) ;|

n_
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> (1= Asupwyg) |2y —yp| forn>1.
n>1

Since !zfl — xn‘ < ‘Z;} - xo} + |z — 2p|, and

|zp — mo| = |yp — A(An + By) yy — a5 + A(Ao + Bo) xy| — 0 as n — oo,
it follows that ‘yf; - xg‘ — 0 as n — oo. Since y — ), it is concluded that =} — z} as

n — oQ.

We next show (II1.2). Let € > 0. Let {z,},-, be a {¢,}-bounded sequence and assume
that x, — g as n — oo. By (RC) one finds z§ € D (Ag) N Dy such that |z§ — x| < £/3.
Let o = ¢ (25). Then there is 8 > 0 and a sequence {y;},,, ¥, € D (An) N Dy, 5 such that

(6.5) v, — xg and (A, + B,)y; — (Ao + By) z.
Let N, > 0 such that
(6.6) |z, — 9| < e/3 and |y, — x| < e/3 for n > N..
For 1 <n < N.—1, (RC) guarantees the existence of wg, € D (A,)ND,, such that |wi — z,| <
e. We then define {2,},., by

x; itn=20

Zn = S Wt fl1<n<N.—-1

Y if n > N..

For n > N, (6.6) implies
15, = @nl < |n = ol + [xo — 5] + |y5, — 25| <&

Combining the above-mentioned we conclude that |z, — x,| < ¢ for all n > 0. Finally, by
(6.5) we see that z, — 2y as n — oo, and that (II1.2) is obtained.

(III) = (I) :  We again employ the Kisynski sequence space defined in Section 5. We first
define a linear operator o : D (&) C 2" — 2, a nonlinear operator & : 9 C 2" — X
and a functional : 2" — 2 by the following

D(o)={z= {Zn}ns0 € 275 vy € D (Ay) for each n >0, Az, — Apzo as n — oo},

o <{xn}nzo) ={Ann},50,
9 = {% = {J,‘n}nzo € 2 x, €D, forn >0 and sup g, (z,) < oo};

n>0
P ({xn}nzo) = {ann}nzm
sup ©n () itreg

<{xn}n21) =q "0

00 otherwise.

We then define level sets with respect to by
Do = {{@atuzts (za}oz) Saf, 20,
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It is easily seen that the lower semicontinuity of each ¢, implies the lower semicontinuity
of . Also, 2 = {z,},59 € %, if and only if z,, € D, , for each n > 0. Hence each %, is
closed in 2". Moreover, we observe that {x,},-, is a {¢, }-bounded sequence and z,, —
as n — oo if and only if {z,} ., belongs to some Z,.

Now, £ is well-defined by (C3). The Neveu-Trotter-Kato theorem and Lemma 4.1 to-
gether imply that <7 generates a (Cp)-semigroup 7 = {7 (t);t > 0} on 2 given by

T (t) ({xn}nzo) = nle (J = (t/m) )™ {xn}nzo ={T. (t) xn}nzo .

o0

From (LQD) we obtain
(1 = dwa)|Tn — Yu| < (I = AMAp + Bp))zn — (I — A An + By))yn

forn >0, z,, yn € Dy, A > 0 and a > 0, where w, = supw,, . Hence
n>0

(1= Qdwa)|z —2| < |(I = NA +B))2 — (I — \NA + B))7|

for 27, # in Z,, A € (0,w,) and a > 0. From this, we see that &/ + A is quasidissipative on
D, a > 0, namely

(A +B)r — (A +B)w, 2 — ), < (supwpa) |2 — v|?
n>0

for 2, » € 9, « > 0, where (-, -), stands for the lower semiinnner product in 2. It follows
from Lemma 4.2 that & is continuous on each Z,, a > 0.

Let « > 0 and 2 = {x,},~q € Z». Then z, € D, , for n > 0 and z,, — x¢ as n — oo.
By (III) there exists \g = A (o) > 0 such that for each A € (0, )\¢) and each n > 0 there
exists z)) € D, N D (A,,) such that

2 = A(Ay + By zp = 20, @ (2) < (1—aX) " (o0 (2,) +bA) for n >0 and 2 — 27,
which means that
2 =N +B) 2> = 2 and also (2*) < (1—aX) ' ((2)+bA) in 2.

Now (II1.2) implies that D (o) N Z is dense in 2. Applying Theorem 2.1 to the Kisyriski
space £, one obtains a locally Lipschitzian semigroup ¥ satisfying

S (t) ({xn}nzo) =7 (1) ({xn}nzo) +/0 T (t—s) B (s) ({xn}nzo> ds

and
(7 (W) {zn}nz0) < e (({za}as0) +0t).

Here the uniqueness theorem, Theorem 2.3, asserts that & (t) ({2n},,59) = {Sn(t)Zn},, for
t >0 and {z,},>0 € Z. Therefore, we may write

/0 T (=) B (5) ({wn},n0) ds = { /0 It ) BuS, (8) ds}

n>0
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The continuity of the semigroup . implies

|Y (t) ({xn}nzo) — {xn}n20| —0 ast]0for 2= {z,},,,€Z.

This is actually nothing but condition (EC). This implies in turn, from Theorem 5.1, the
required uniform convergence. O]

Remark 6.2. The second statement corresponds to the convergence in the sense of graphs
on a core of D(Ap) in the Neveu-Trotter-Kato theorem, while the third one corresponds
to the convergence in the sense of resolvents. See [7] for details and [6] for a discussion
on the consistency and stability condition in the linear case, and on error estimates for
smooth initial data. See also [5] for a recent application of Neveu-Trotter-Kato theorem to
an age-structured population dynamics model.

Remark 6.3. If the family { B, },>0 is uniformly Lipschitz in the sense of Remark 4.1, then
2 becomes a locally Lipschitz operator and (II1.2) is no longer necessary. See [13] for details.

7 Approximation solvability theorem

This section corresponds to the case in which it is not straightforward to verify the
hypotheses of the known generation theorems for the semilinear problem

(SP) uW(t)=(A+Bu(t), t>0 u(0) =z € D.

Here A is assumed to be the generator of a (Cp)-semigroup 7' = {T'(¢);t > 0}, D is a
closed subset of X and B : D — X is a nonlinear operator.

In this case one can try to obtain the semigroup S as an uniform limit of the approximate
semigroups S, using suitable approximations for the operators A and B.

We consider again the approximate semilinear problems

(SP; n) ul, (t) = (An + Bp)u, (), t>0; un (0) =z, € Dy,

n

with A, and B, satisfying respectively the hypotheses (A,,) and (B,,) given in Section 2. Also,
to each (SP; n) one associates a proper ls.c. functional such that D C D (p,). We assume
that for each n there exists a nonlinear semigroup S,, = {5, (t);t > 0} on D, satisfying (3.3)
and (3.4).

Define a set D in X by

(7.1) D = {z € X, z is a limit of some {z,} with z, € D,, for n > 1},

and a functional ® : X — [0, o] such that

(7.2) O (2) =

n—oo

{inf{mgon(xn); T, € D, forn>1, xn—>xas4n—>oo} forz € D

o0 otherwise.
Suppose now that the following condition is satisfied:

(C4) The following statements hold:
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(C4.a) For each = € D there is a sequence {x,} such that z,, € D,,, lim ¢, (z,,) < co and

T, — x in X as n — oo.
(C4.b) There is 8 > 0 such that D,, 5 # 0 for each n > 1.

(C4.c) If 2, € D, lim |z,| < co and lim ¢, (z,) < oo, then lim d (x,, D,) = 0, for each

n—oo

a > lim @, (7,).

n—oo

together with (C1) and (C3). Note that, by (C4.a), D € D and & (z) < oo for each
reD.

We intend to use the newly-defined functional ¢ as a growth function to establish the
well-posedness of (SP). To this goal, we necessitate establishing some properties of ® and
D.

Lemma 7.1. The set D is closed in X.

Proof. Let 7, € D , T, — ¢ € X. We may use the definition of D to obtain the sequences
{{=]'},.},, such that 2] € D,, for each m,n > 1 and 2]} — Z,, as m — 0.
Then for each 7 > 1 we can choose NN; such that

(7.3) |zf" — Z;| < 1/i for m > N;,and also N; > N;_; for i > 2.

2 forl <m < N;—1
x} forv>2and N; <n < Ny — 1.

Let € > 0 and N, > 1 great enough, so that

Define now {y,} by y, =

(7.4) |z, — | <e/2 for n > N, and also 1/N. < /2.

Then |y, — | < |y, — Tn| + |Tn — 2| for some N > N, corresponding to y, by the defining
procedure (that is, y, = ay for that ), and from (7.3) and (7.4) we obtain that |y, — Z| < ¢
for n > Ny. This shows that y, — x and so x € D and D is closed. O

We also observe that the infimum in (7.2) is actually a minimum, as seen from the
following lemma.

Lemma 7.2.&)7’ each © € D there is a sequence {x,}, T, € Dy, x, — = asn — 0o such
that ® () = lim ¢, (x,).

Proof. Let z € D and ¢ > 0.
If ¢ (z) < oo, then for each k > 0 there is a sequence {xﬁ}n such that 2* € D,, for n > 1,

rF — 2 asn — oo and lil_mgon (zF) < ® () +1/(2k). Then for each k > 1 we can choose N

n

such that

(75)  n (2h) < @ (z) + 1/k, |xf§ —x‘ < 1/k for all n > Ny and Ny > Nj_; for k > 2.
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As in the proof of Lemma 7.1, we define a diagonal sequence {y,} by

B :L‘}L forl1<n<Ny—1
TN fori>2and Ny <n < Nipy — 1.

Let m > 1 such that 1/m < . Then
(7.6) |y, — x| < € for n > Ny,.

We also see that lim ¢, (y,) < @ (x) by (7.5) and, since lil_mgon (yn) > @ (z) by the

definition of ®, we obtain lim ¢, (x,) = ® (z). Combining this with (7.6) we see that {y,}

is the required sequence.
If & (z) = oo, then

inf{mgon(a:n),xneDn,anxasn—M)o} = 00,

n—oo

and so lim ¢, (z,,) = oo for each {,} such that x,, € D, for all n and z,, — x, so Lemma

n—oo

7.2 is proved. O

The existence of such minimizing sequence will play a central role in the proof of the
continuity of B on level sets, as it will be seen in what follows.

Lemma 7.3. ® is proper l.s.c. .

Proof. Set z € X and let {z,,} be a sequence which converges to z as n — 0.

If x & D then T, & D for n greater than some N; otherwise x € D = D. Then
® (z,) =00 forn > N, and so ¢ (z) = lim ¢ (z,) = oo.

If z € D and lim ® (z,) < oo, then there is a subsequence {n;} such that ® (z, ) —
lim ® (x,) as k — oo. Using the definition of ®, for each £ > 1 we can choose sequences

n—oo

{xﬁkm}m such that

=8 e D, foreachm>1,z

N, M

k

npm > Ty, 88 M — 00

and o
lim ¢y, (28 ) < @ (zy,) +1/2k.

m— o0 T,

Then, as in the proof of Lemma 7.2, for each &k > 1 we can choose Nj > 1 such that
(7.7)

Om (mgkm) <O (z,,)+1/k, xkk — :pnk‘ < 1/k for m > Ny, and N > Ny_4 for k > 2.

n

We now define a sequence {y,,} by

ni,m

. fori <2and N; <m < N;y; — 1.

ni,m

{xl for1<m< N, —1
Ym =
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Let ¢ > 0 and k. > 1 such that

(7.8) O (z,,) — lim @ (x,) <e/2, |z, —x| <e/2and 1/k <e/2 for k > k..

n—oo

Then

O () — T ® () = (9 (gn) — P (200)) + (cb () n_m<1><a:n)) <c

n—oo n—oo

and |y, — x| < e for m > Ny_, by (7.7) and (7.8). Hence y,, — = as m — oo and

(7.9) lim ¢, (y,) < lim @ (z,,).

n—oo

From (7.9), using again the definition of ®, we get ® (z) < lim ® (x,), and so ® is l.s.c. We

n—oo

have already seen that D C D and ® is proper by (C4.a), which completes the proof. O
Next we prove that B is continuous on the level sets of D with respect to .
Lemma 7.4. B is continuous on D, for each a > 0.

Proof. Seta >0,z € D, and § > 0. By Lemma 7.2, there is a sequence {z,}, x, € D,, such

that z,, — z as n — oo and lim ¢, (2,,) < a. Let € > 0 and denote v = sup @, (z,,) < oo.
n—oo n>1

Let ¥ = max{«a + 0,7} and let r = r (¢,7, {x,} , x) be the constant given by Lemma 4.2.
We will prove that each y € D, with |y — 2| < r/2 satisfies |By — Bz| < e.

Let y € D, with |y — x| <r/2. From Lemma 7.2 one obtains a sequence {y,}, Yn € D,
Yn — y asn — oo and lim ¢, (y,) = @ (y).

Let N > 1 such that

(7.10) |z, — x| <7/4, ¢n(yn) < a+ 6§ and |y, —y| < r/4 for each n > N.
We define a sequence ,, by

- Jm, forn<N

Yn = Yy, form > N.

One can see that y,, € D,, 5 for n > 1 and, since

~ 0 forn < N
|0 — Y| =
|z, —yn| forn >N,

the inequalities in (7.10) imply that sup |z, — yn| < 7.
n>1
Then, by Lemma 4.2, sup | B,x, — B,yn| < €. Using (C3) one obtains that |By — Bz| <

n>1

e, which finishes the proof of Lemma 7.4. O]
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We now employ condition (C4.b) to show that (C2) is verified.
Set > 0,6 > 0and x € D,. By Lemma 7.2, there is a sequence {z,}, xy € Dy, 2,y — x
as n — oo and lim ¢, (z,) = ® (z). This implies that

on (T,) < @ (z) + 6, for n > Ns, great enough.

We define the sequence {z,} by

Ty —

- xﬁ for0 <n < N;, —1
T, forn > Nj,,

where the z? are arbitrary elements in D, 5 given by (C4.b).

Let v = max (a +0,3). Then z,, € D,,, for each n > 1 and 7,, — = as n — 00, S0
condition (C2) is satisfied. We remark that if D is closed then D, = DN{z € X;® (z) < a}
is also closed. If the closedness of the level sets can be obtained by other methods, then the

closedness of D is unnecessary. We also observe that up to now we have used only (C1),
(C2), (C3) and (C4.b).
Applying Theorems 2.1 and 5.1 we obtain the following generation theorem.

Theorem 7.1. Let ® be the functional defined by (7.2). Suppose that conditions (C1), (C3),
(C4), (EC) and (S) are satisfied.

Then there ezists a nonlinear semigroup S = {S (t);t > 0} on D, satisfying

(7.11) S(t)x—T(t)x—l—/tT(t—s) BS (s) xzds,

(7.12) D(S(t)z) <e™(®(x)+bt) fort >0 and x € D.

Moreover, if x € D and {x,} is a {¢,}-bounded sequence with x, — = as n — oo, then
S (t) xy, — S (t) x and the convergence is uniform on bounded subintervals of [0,00).

Proof. Set a >0 and € > 0. Let x be an arbitrary element of D,. By Lemma 7.2, there is
a sequence {x,}, x, € D,, ©, — x as n — oo with lim ¢, (z,) = ¢ (z).

Applying Theorem 4.1 we get

(7.13) l}%l sup (1/h) |T,, (h) x, + hBpx,, — S, (h) z,|| =0,
n>1

and hence we can choose h € (0, ] such that
(7.14) T, (h) xp, + hBpx, — Sp (h) x| < he/3 for each n > 1
and also, by (EC),

(7.15) sup |S,, (h) z,| < M for some M < oco.

n>1
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For this h, we obtain also

(7.16)
(1/h)|T,, (h) x, + hBpx, — T (h) x — hBz| < (1/h)|T (h) x — T), (k) x| + | Bz, — Bx|
<e/3

for n > N;. Using the inequality
lim @, (S, (h) 2,,) < ™" (® () + bh)

n—oo

and (7.15), one gets from (C4.c) that lim d (S, (h) z,, Ds) = 0, for each § > e (® (x) + bh).

n—oo

Let v =€ (® (z) 4+ (b+ ) h). One can find some n and z;, € D., such that
(7.17) |Sy (h) z, — x| < he/3 for each k > 1.
This yields
(1/h)|T (h) x + hBx — x| < (1/h)|T (h)x + hBx — T, (h) ,, — hB,x,,|
+(1/h)|S, (h) xp — xp| + (1/R) |1, (R) zp + hBpx,, — Sy (h) 24|
<é€
by (7.14), (7.16) and (7.17), and so the subtangential condition (II.2) in Theorem 2.1 holds.
We now verify the semilinear stability condition.

Let @ > 0, 8 > a and 2,y € D,. Then, by Lemma 7.2, there are sequences {z,},
{yn}, Tn € Dy, yn € D, for all n, z, — =, y, — y as n — oo and lim ¢, (z,) = ¢ (x),

lim ¢, (y,) = ® (y). Thus z,, € Dy and y,, € D, , for n > N great enough. Then
%(Uh) (|7 (h) (z — y) + h (Bx — By)| — [z — yl]

= Lim (1/h) | lim (|T5 (B) (20 = yn) + h (Bu = Baga)] = & = vl

h10 n—00
and from (S) and (7.13) one gets

lim (1/R) [|T (h) (z — y) + h (Bx — By)| — |z — y|] <lim (1/h) [P — 1] |z — y|
hl0 hl0
=limw; (8, h) [z —y|.
h10

Since # > « was arbitrary, the semilinear stability condition is also proved. We also observe
that the hypotheses of Theorem 5.1 are verified, which finishes the proof. ]

References
[1] P. Georgescu and S. Oharu, Generation and characterization of locally Lipschitzian

semigroups associated with semilinear evolution equations, to appear in Hiroshima Math.

J..

28



[2] J. A. Goldstein, Approzimation of nonlinear semigroups and evolution equations, J.
Math. Soc. Japan, 24 (1972), 552-573.

[3] J. A. Goldstein, S. Oharu and T. Takahashi, Semilinear Hille- Yosida theory, in Volterra
Integrodifferential Equations and Applications, (Trento, 1987), 157-166, Pitman Re-
search Notes in Math. Series, Vol. 190, Longman, Essex, 1989.

[4] J. A. Goldstein, S. Oharu and T. Takahashi, Semilinear Hille-Yosida theory: the ap-
proximation theorem and groups of operators, Nonlinear. Anal., 13 (1989), 325-339.

[5] W. Huyer, Semigroup formulation and approzimation of a linear age-dependent popula-
tion with spatial diffusion, Semigroup Forum, 49 (1994), 99-114.

6] K. Ito and F. Kappel, The Trotter-Kato theorem and approzimation of PDEs, Mathe-
matics of Computation, 67 (1998), 21-44.

[7] S. Kantorovitz, Semigroups of Operators and Spectral Theory, Pitman Research Notes
in Math. Series, Vol. 330, Longman, Essex, 1995.

[8] J. Kisyniski, A proof of the Trotter-Kato theorem on approzimation of semigroups, Col-
loq. Math., 18 (1967), 181-184.

9] T. G. Kurtz, Convergence of sequences of semigroups of nonlinear operators with an
application to gas kynetics, Trans. Amer. Math. Soc., 186 (1973), 259-272.

[10] T. G. Kurtz, Extensions of Trotter’s operator semigroup and approximation theorems,

J. Funct. Anal., 3 (1969), 354-375.

[11] T. Matsumoto, S. Oharu and H. R. Thieme, Nonlinear perturbations of a class of inte-
grated semigroups, Hiroshima Math. J., 26 (1996), 433-473.

[12] S. Oharu and T. Takahashi, Characterization of nonlinear semigroups associated with
semilinear evolution equations, Trans. Amer. Math. Soc., 311 (1989), 593-619.

[13] S. Oharu and T. Takahashi, Locally Lipschitz continuous perturbations of linear dissipa-
tive operators and nonlinear semigroups, Proc. Amer. Math. Soc., 100 (1987), 187-194.

P. Georgescu, T. Matsumoto and S. Oharu T. Takahashi

Department of Mathematical and Life Sciences, Nonlinear Analysis Laboratory,

Graduate School of Science, Hiroshima University, Computational Science Division,
Higashi-Hiroshima 739-8526, Japan National Aerospace Laboratory,

Chofu, Tokyo 182-8522, Japan

29



