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LINES
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Abstract. Several common situations which occur when solving problems in
descriptive geometry, including finding the intersection of two planes passing
through points with coordinates of a certain form and finding the intersections
between particular lines and planes are investigated through analytical
and graphical methods.
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1. The statement of the problem

Of concern in this paper is the following problem, encompassing several
situations commonly occuring in concrete applications of descriptive geometry.

Given the points A(100,10,30), B(60,50,10), C(60,20,40), M(120,0,80),
N(60,80,0), R(10,0,0), 1(80,y,z), find:

a) the coordinates of I knowing that this point is situated on the (AB) line,

b) the traces of the plane [P] defined by the lines (CI) and (AB);

¢) the intersection between the planes [P] and [Q], where [Q] is a plane
parallel to (Ox) which has traces at distance 25 and elevation 65, respectively;

d) the intersection point K between the line (AB) and the plane [Q].

We shall solve this problem first by means of analytic geometry, briefly
discussing the main theoretical points and the formulae concerned, and then by
means of descriptive geometry.
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2. The analytical approach

We first discuss several properties of a plane [Q] which is parallel to (Ox)
and passes through Qy(O,d,O) of distance d and Q,(0,0,e) of elevation e,
respectively. Namely, we shall find the equation of [Q] and determine its

intersection with given lines and planes.

2.1. The equation of [Q] plane

Since two vectors parallel to [Q] are i and 0,0. =—dj+ek , the vector
@=;>< 0,0. =—dk—ej is normal to [Q]. The equation of [Q] is then
—dz —ey+ D =0, the constant D being determined through the condition that
0O, belongs to [Q]. Consequently, the equation of [Q] can be written as:

(1) [O]:ey+dz—de=0.

2.2. The intersections of [Q] with lines and planes

We find now the intersection of a line determined by two of its points
A(x4,¥4,24) »B(xg,y5,2z5) and the plane [Q]. One sees that the parametric
X—Xqg _Y7Va _ 2724
Xp=Xq4 Yp—Va ZpTZy

equation of the line (4B) is =t¢,thatis [1], [5]:

2 (4B):x=x,4 +t(xB _xA)ay:yA +t(J’B _yA)az:ZA +t(ZB _ZA)’

t being a real parameter. To find the intersection between (AB) and [Q], we
solve the system consisting in Egs (1) and (2). By substituting y and z given
by Eq (2) into Eq (1), we find that:

de—ey,—dz,
e()’B _yA)+d(ZB ~z4)

3) =

Consequently, the point of intersection K between (4B) and [Q] has
coordinates:

de—ey, —dz ,
elyp—ya)+dlzg—z,)

(4) Xg =xy+ (xg —x,),
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de—ey, —dzy

5 Yk =Yat Y —Ya)s

®) K 4 e(yB_yA)+d(ZB_ZA)( ? A)
de—ey, —dz,

6 Zp =Z 4+ Zg—2Z4).

(©) Ko e(yB_yA)+d(ZB_ZA)( ? A)

We find now the intersection between the [Q] plane and a [ P] plane determined
by A(x,,y4,24),B(xp,yp5,25) and C(xc,yc,2c) . This line can be thought as
being determined by the point K above, the intersection between (AB) and
[O], and the point H , the intersection between (AC) and [Q]. By similarity
with Eqs (4)-(6), it is seen that the coordinates of H are given by:

de—ey,—dz,
7 X, =x,+ X.—X,),
® T el )
de—ey,—dz,
8 Yu=Yst Yc—=Y4)s
®) " ! e(yC_yA)+d(ZC_ZA)( ‘ A)
de—ey,—dz,
9 z. =z + Z~—Z .
) o e(yc—yA)+d(zc—ZA)(c )

Then the intersection (KH)= (D) between [P] and [Q] has the parametric
equation:

X=X _ VT Vk _ Z7%k

Xg =Xk  Yg —JVxk ZH TZg

(10) =t,teR,

Xg,Vk.2g and xg, v,z being given by Eqs (4)-(6) and (7)-(9).

2.3. The traces of a plane [P]

In what follows, we shall determine the traces of a plane, determined by
three of its points, on the coordinate planes. It can be shown [2] that the traces
of a plane [P] determined by A(x,,y4,z4),B(x5,v5,25) and C(xc,ye,zc)
have the following equations:

(11) (Ph):xAx+yAy:A; z=0,
(12) (B):yA, +zA, =A; x=0,

(13) (P):zA,+xA, =A; y=0.
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Also, [P] intersects the coordinate axes in the points P, P, P, given by:

A A A
P =P |—00,P =P |0,—,0|,P.=P,]0,0,—|,
(14) X X{A J y =% [ AJ
X y z
Y4 Iy 1 Zy Xy 1 Xy Yy 1
(15) szyB Zp 1, Ay:ZB Xp 1, Azsz Vg 1
Yo ZIc 1 Zo Xeo 1 Xo Yo 1
Y4 Y4 F4
(16) A=xp yp zp|
‘c Yo ‘e

We are now ready to solve the problem stated in Section 1.

Solution

a) Since / is situated on the line (A4B), its coordinates x;,y;,z; verify Eq
(2) for a value of ¢ which is to be determined. From the first part of Eq (2), it

follows that ¢ = % and consequently that y; =30 and z; =20.

b) The plane [P] can be thought as being determined by 4,B and C .
Consequently, since A =108000, A, =600, A, = 1200 and A, =1200, it
follows then from Eq (14) that the intersections of [P] with the coordinate axes
are P, (180,0,0), P,(0,90,0), P.(0,0,90). It also follows from Eqs (11)-(13) that
the trace of the plane [P] on (xOy) is (Ph ) :2x+y=90; z=0, the trace of [P]
on (xOz) is (PV) :2x+2z=90; y=0 and the trace of [P] on (yOz) is
(B):y+z=90;x=0.

c) Using Eqgs (4)-(6) and Eqs (7)-(9), it follows that x; =90, yy :%,
zH=% and xg =@, yK=$, zk=$. From Eq (10), one may

deduce that the intersection between the plane [P] and the plane [Q] is the line
(KH) which has the parametric equation:
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(670 100 195
17) 7T _ 7T _ 7 _¢, teR.
-16 -5 13

For z=0, it follows that t=—175 and consequently the intersection between
(KH) and the plane (xOy) is the point H,(130,25,0). Similarly, for y =0, it
follows that t:% and the intersection between (KH) and the plane (xOz) is
the point V,(50,0,65) .

670 100 195
d) Asseen above, xg == VK =—>,Zg =—.

3. Descriptive Geometry approach

a) Because the point / is lying on the straight line (4B), its projections are

located on the corresponding projections of the straight line (Fig. 1) [4]. Hence,
ifa point I € (4B), it follows that i e (ab), i’ € (a'b’)and i" € (a"'d").

b z(v)

i ' Y1(-X
X —= I~ Sl

Y (-2) |

Fig. 1 — Projections of the point I [3]
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Y(-2) Y
Fig. 2 — Traces of the plane [P]

b) We determine first the projections v, v, and &', i, by extending the
projections (ab), (ci) and (a'b’), (c'i’), respectively, up to the (Ox) axis, and
then, by using the projecting lines, we find the traces of given straight lines: /
on (ab), by on (ci) and v’ on (a'b), v on (c'i’), respectively (Fig. 2).

I

Q) Vs

9--"

h; Q

®

P

y

Y(-2)y
Fig. 3 — (D)(d,d',d"), the intersection line of planes [P] and [Q]
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¢) Two concurrent planes [P] and [Q] intersect along a straight line

(D)(d,d',d") (Fig. 3), whose traces lie at the intersection of corresponding traces
of both planes.

b z(v
(R)
(Qv) V;g Qz
€ 3
\k' a" kn
2 b’ o~ b"
« = Reva| || \hy \~ Y1CX)
a K /
@) S Q,
"\
&
Y (-2) Y

Fig. 4 — K, the intersection point of (AB)-[Q] intersection

d) We draw an auxiliary cutting plane [R] which contains the given straight
line and we find the line of intersection of the cutting plane [R] and the given
plane [Q] (Fig. 4). The required point K (k,k',k") is at the intersection of the
straight lines (AB)(ab,a'b’,a"b") and (A)(5,6',6"), common to both planes
[Pland [R].

4, Conclusions

As we can see from a comparative view of both solutions presented above,
the one employing Descriptive Geometry offers a quick and elegant reasoning
which appeals to one’s intuition, while the approach based on Analytic
Geometry, although more computational, offers general formulas which can be
applied to a large class of problems which are reductible to the ones discussed
in this paper.
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SOLUTII ANALITICE SI GRAFICE ALE UNOR PROBLEME DIN
GEOMETRIA DESCRIPTIVA IN CARE INTERVIN
PLANE SI DREPTE

(Rezumat)

Lucrarea de fatd abordeaza cateva probleme de intersectie ale unor drepte si plane
particulare prin metodele geometriei analitice si respectiv ale geometriei descriptive. Un
studiu comparativ al celor doua metode atesta faptul cd rationamentul bazat pe
geometrie descriptiva este mai intuitiv, mai rapid, in vreme ce rationamentul analitic,
desi mai laborios, poate fi adaptat pentru rezolvarea unei clase largi de probleme
inrudite.



