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ABSTRACT. The initial value problem for the generalized Kortweg-deVries equa-
tion
u+ (f(u)e +tsae =0,  tz€R

is treated in terms of a recent theory of nonlinear operator semigroups associated
with semilinear evolution equations in Banach spaces. Two operators A and B
are introduced to represent the linear and nonlinear differential operators in the
equation and convert the initial-value problem to a semilinear problem

(SP) W) =(A+B)ult), t>0 u(0) =v

in the Sobolev space H2(R). Five energy functionals are then employed to restrict
basic properties of A 4+ B as well as the growth of mild solutions to (SP). The so-
lution operators to (SP) are obtained by applying a generation theorem for locally
Lipschitzian groups. Here the main point of our argument is to make a precise in-
vestigation of the resolvents of A 4+ B and construct a group of locally Lipschitzian
operators G(t) on H?(R) which provides mild solutions to the problem. Also, reg-
ularized equations of the form

ug + (f(u))w + Ugze — MUtze = 0, t,z € R,

u being a positive parameter, are studied by means of the same approach and the
convergence of the associated groups G (t) to the group G(t) is discussed.
1 Introduction

This paper is concerned with the initial value problem for the generalized Kortweg-
deVries equations

ue+ (f (W), + tawe =0, £,z €R;
u(0,2) =v(x), z € R,
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where f is a nonlinear function of class C* (R) which satisfies the equality f (0) = 0 and
the growth condition ‘llim f(u) [ |uf’ < oo for some p € [0,4), and v is a given initial

function in H? (R).

In the case f(u) = u + u*/2, the above equation is known as the Kortweg-deVries
equation (usually, abbreviated to a K-dV equation), which is understood to be a general
model for the unidirectional propagation of long waves of small amplitude. In fact, u
determines the height of a wave at position x and time ¢ with respect to the standard
level. The K-dV equation is also formulated to describe physical phenomena such as
magnetohydrodynamical waves and interaction of solitons.

In this paper, we convert the initial-value problem for the generalized K-dV equation
to a semilinear evolution problem of the form

(SP) u' (t)=(A+ B)ul(t), t e R; u (0) = v,

in order to treat the Cauchy problem in an operator theoretic fashion. Here A represents
the third-order differential operator —9? and B stands for the nonlinear first-order differ-
ential operator —d, o f. We then apply a recent theory for semilinear problems involving
quasidissipative operators developped in [7], [14], [17], [18] to this semilinear operator
A+ B and construct a group G = {G(t);t € R} of nonlinear operators on H?(R) which
provides mild solutions to (SP) in the sense that

G(t)v = Ga(t)v + /t Ga(t — s)BG(s)vds

for t € R and v € H%*(R), where G4 is the unitary group generated in L?*(R) by A.
One of the main features of our argument is that we make use of five energy functionals
vr, k=0,1,2,3,4 and investigate the growth of the mild solutions and their qualitative
properties. More precisely, we show that the group G enjoys exponential type growth
conditions with respect to the functionals ¢, and that the regularity of the mild solutions
u(t) = G(t)v is obtained by means of ¢;. In order to apply a recent theory for groups
of locally Lipschitzian operators, we necessitate investigating the ranges of I — A\(A + B),
|A| < Ao and their resolvemts (I — A(A+ B))~! in H*(R) through a fixed point argument.
The aimed group G(t) is constructed through the exponential formula

G(tyv = H*- 1%(1 —MA+B) Wy, t>0,ve HYR).

We then consider the initial value problem for the pseudoparabolic regularization of
the generalized Kortweg-deVries equations

w4+ (f (w)), + Ugzz — Pz = 0, t,r eR
up (0,2) =ug (z), x€R,

where p is a positive parameter. Due to the regularizing effect of the term —puy,,., a
nonlinear group of Fréchet differentiable operators which provides mild solutions to the
regularized problem is constructed on H'(R). In this case u > 0, f is a nonlinear function
of class C' (R) satisfying f (0) = 0 and ug is an initial function given in H'. We also
discuss the convergence of the groups G, to G as p — 0.
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2 A generation theorem for nonlinear groups

It is now generally accepted that the theory of semilinear evolution equations proved to
be an important tool for the study of many important problems arising in various fields.
In this section, folllowing the lines of [7], an attempt is made to provide a generation
theorem for nonlinear groups of locally Lipschitz operators associated with a certain class
of semilinear evolution problems. For related Hille-Yosida theorems in this case, we refer
the reader to [14], [17], [18]. See also [12], [13], [21] for generation theorems for nonlinear
semigroups under more general assumptions.

Let (X,|-]) be a real Banach space, D a subset of X and ¢ : X — [0,00] a ls.c.
functional such that D C D (¢) = {v € X, ¢ (v) < co}. We denote by X* the dual of X,
and given v € X and v* € X*, the value of v* at v is written (v,v*). We also denote by

D, ={v € D;p(v) < a} alevel set of D with respect to ¢. The duality mapping of X is
the function F : X — 2X" defined by

Fv={v" € X* (v,v*) = lv|* = |v*|2}.
We then define the inner products (-,-), and (-,-), on X x X by
(w,v), = inf {{w,v") ,v" € Fuv},
respectively
(w,v), =sup {(w,v"),v" € Fu}.

A nonlinear operator B : D C X — X is said to be locally quasidissipative (respec-
tively strongly locally quasidissipative) on D(B) with respect to ¢ if for each a > 0 there
exist w, € R such that

(Bv — Bw,v —w); < wa|v —w|* for v,w € Dy,
respectively

(Bv — Bw,v —w), < wy|v—w|* for v,w € D,.
For further properties of the duality mapping and those of quasidissipative operators, see
6] or [20].

By a locally Lipschitzian group on D with respect to ¢, we mean a one-parameter
family G = {G(t);t € R} of (possibly nonlinear) operators from D into itself satisfying
the following three conditions below:

(Gl) Forve Dand s,t e R, G{t)G(s)v=G(t+s)v, G(0)v=no.

(G2) Forve D, G()ve C((R; X).

(G3) For each @ > 0 and each 7 > 0 there is w = w («, 7) € R such that

G (t)v— G (t)w] < el v —w)

for v,w € D, ={v € D;¢(v) <a}andt e 0,7]

We consider the semilinear problem

(SP) u'(t)=(A+ B)u(t), t € R; u(0)=veD



and we assume the following hypotheses on A, B and D:

(A) A: D(A) € X — X generates a (Cp)-group G4 = {Ga(t);t € R} such that
|Ga(t)v] < e |v| for v € X, t € R and some w € R.

(B) The level set D, is closed for each & > 0 and B : D C X — X is continuous on
each D,.

Since the semilinear problem (SP) does not necessarily admit strong solutions, the
variation of constants formula is employed to obtain solutions in a generalized sense. It
is then said that a function u(-) € C(]0,00); X) is a mild solution to (SP) if u(t) € D for
t >0, Bu(-) € C([0,00); X) and the integral equation

u(t) =T(t)v + /0 T(t — s)Bu(s)ds

is satisfied for each t > 0. We also say that a semigroup S is associated with (SP), if it
provides mild solutions to (SP) in the sense that for each v € D the function u(-) = S(-)v
is a mild solution to (SP).

Under the above hypotheses one can obtain a semilinear Hille-Yosida theorem for
locally Lipschitzian groups of nonlinear operators associated with (SP) as follows.

Theorem 2.1. Let a,b > 0, A a linear operator in X such that A satisfies condition (A)
and let B be a nonlinear operator on D such that B satisfies condition (B) with respect to
a l.s.c. functional p on X with D C D(yp). Then the following statements are equivalent:

(I) There is a nonlinear group G = {G (t);t € R} of locally Lipschitz operators on D
satisfying the properties given below:

t
(I.1) G(t)v:GA(t)v—i—/ Ga(t—s)BG (s)vds fort e R and v € D.
0
(L.2) For each a > 0 and 7 > 0 there is w; = wy (a, 7) € R such that
G (t)v — G (t)w] < e @Dl |y — g

for each v,w € D,,.
(1.3)  p(G(t)v) < e(p(v) +blt|) fort € R and v € D.

(IT) The following subtangential condition and semilinear stability condition are satis-
fied:

(IL.1) For each v € D and € > 0 there are (hy,vn,) € (0,e] X D and (hg,vp,) €
[—£,0) x D such that

(1/h:) |Ga (hi) v+ hiBv —wp,| < e, @ (vp,) < el (o) + (b+e)h;) i=1,2.
(I1.2) For each o > 0 there is w, € R such that

}%(1/ (A [[Ga (h) (v = w) + h (Bv = Bw)| = v — w]] < wa [v - w|

for each v,w € D,,.



Moreover, if D and @ are convex, then the above statements are equivalent to:

(IIT) The following denseness condition, quasidissipativity condition and range condi-
tion are satisfied:

(IIL.1) D (A) N D is dense in D.
(II1.2) For each o > 0 there is w, € R such that

(A4+B)v— (A4 Bw,v —w),
(A+ B)v— (A+ B)w,v —w),

(IIL.3) To a« > 0 and £ > 0 there corresponds A\g = Ao () > 0 and for v € D, and
A € R with |A| < Ao (a) there exist vy € D (A)N D and zy € X such that |z)| < e,

= AA+B)uy=v+ Az, @) <A—=Na) " (p@)+ (b+e)|N).

It should be noted here that the implication from (III) to (I) does not require any
convexity on D or ¢. Also, if X is a Hilbert space and (Av,v) = 0, as is the case of K-
dV equation, only the inequality |(Bv — Bw,v —w)| < wp («) |[v — w\2 should be verified
in place of (I11.2). Moreover, if B is a locally Lipschitz operator, then the denseness
assumption (III.1) is unnecessary for the implication from (III) to (I).

3 Semilinear evolution problems for the generalized
Kortweg-deVries equations

In this section we construct a nonlinear group which provides mild solutions to the
initial value problem for the generalized K-dV equation

(3.1) w4+ (f(u), +Upe =0  txeR
(3.2) u(0,2) =v(x) z e R.

Here R=(—o00,00), f in (3.1) is a nonlinear function of class C*®(R) normalized so
that f(0) = 0 and v in (3.2) is a given initial function in H?(R). We also assume that f
satisfies the growth condition

(3:3) h}@j’ (u) /ul” < o0

for some real number p € [0,4), where f’ denotes the derivative of f.

For a study of K-dV equation or its generalized form using compactness methods, we
refer the reader to, for instance, Kametaka [11], Tsutsumi and Mukasa [24], Bona and
Smith [5]. See also [8] for a discussion on K-dV equation using related methods. In this
paper we establish the existence and uniqueness of nonlinear groups of locally Lipschitz
operators on H%(R) which provides mild solutions to the initial value problem (3.1)-(3.2)
using the generation theorem stated in the previous section.

In what follows, H* denotes the Sobolev space H* (R) for each nonnegative integer
k. The inner product and the norm of H* are denoted by (-,-), and ||, respectively. In
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particular, H° means just the ordinary Lebesgue space L? = L? (R) with inner product
(-,-) and norm |-|. By C (R, H*) we mean the space of H*—valued continuous functions
on R. For each integer m > 1 we write C™ (R; H k) for the space of H*-valued functions
which are m times continuously differentiable on R.

Let V be the differential operator d/dx acting from H' into L?. It is obvious that

(3.4) (Vv,w) = — (w, Vo) and (Vov,v) =0 for v,w € H.

The following inequality is well known (see [22]).

Lemma 3.1. Let 2 < q¢ < oo. Ifv € HY, then the inequality

(35) ol < 270 Jof

is valid, where r = (¢ — 2) /2q and |-|;, denotes the norm in the space L7 (R).

Since we aim to rewrite equation (3.1) as an abstract semilinear evolution equation in
L2, of the form

(3.6) (d/dt)u(t) = (A+ B)u(t) t e R,
we introduce a densely defined, closed linear operator from H? into L? by
(3.7) Av = -V for v € H>.

It is then seen that A is the infinitesimal generator of a group G4 = {G4 (t);t > 0} of
linear isometries on L?. More precisely, each of G4 (t) maps H* into itself and satisfies
the relation

(3.8) |G (t)v], = |v], for v € H* and k > 0.
Further, we define a nonlinear operator B from H'! into L? by
(3.9) Bv=-Vf@)=—f(v)Vv  forve H".

The idea which motivates this approach is that B, as a lower order differential operator,
may be regarded as a continuous perturbation of A via a suitable restriction of the domain.
The same thing is also valid for quasidissipativity, as seen in the following result.

Proposition 3.1. The following assertions hold:
(i) Let v € H' and let {v,}n>1 be a sequence in H' such that sup |v,|, < co. Ifv, = v
n>1
in L?, then Bv,, — Bv in L>.
(ii) Let v € H? and let {v,}n>1 be a sequence in H* such that sup |v,|, < co. Ifv, — v
n>1
in L?, then Bv,, — Bv in L.
(iii) For each a > 0, there is a number wy () > 0 such that
(3.10) |(Bv — Bw,v —w)| < wp () |v — w|
for v,w € H* with |v], < a,|wl], < .
(iv) For each oo > 0, there is a number wy (o) > 0 such that
(3.11) |(Bv — Bw,v —w)|, < w (@) |v—wl|?}

for v,w € H* with |v], < a,|w|; < a.



Proof. First, we see that for each v € H'

UQ(:E):/JC u(s)u'(s)ds—/:Ou(s)u’(s)ds for ae. € R.

—00

We therefore infer that

[u® ()] < /00 lu (s)] |u' (s)|ds < (Ju||u']) for ae. z € R,

—00

which implies |u|; < (1/v2)|ul,. However, for the sake of simplicity, in what follows
we will use the inequality

(3.12) lu| oo < |u|, for each u € H.

Let v € H' and let {v,},>1 be a sequence in H' such that sup |v,|, < co and v, — v in
n>1

L%, Denoting sup |v,|, by Mi, an easy computation implies
n>1

2
!an\Q—/R\f’(vn)Wn\deé < sup !f’(S)!> /RIWn\Qd%

|| <My

from which we infer that sup |Bv,| < oo and v, — v in L},
n>1

Let ¢ € L?. Since C® (R) is dense in L?, one can construct a sequence {¢p, },,~, such
that ¢, € C(R) and ,, — ¢ in L? as m — oo. In view of this and of (3.4), we see
that

(R).

(Bup — Bv,om) = (f (vn) — [ (v), Vo)
= | o) =) Vs
<|f(va) = f (U)’m(cm) |V90m’L2(cm)
< E () v = valpec,y [Vomlrzc,

where m is an arbitrary nonnegative integer, C,, denotes the (compact) support of ¢,,
and € (f) denotes a constant which depends on f, but not on n. Thus it follows that

(3.13) (Bv, — Bv, ;) — 00 as n — o0.
Since
(Bv,, — Bv,¢) = (Bv, — Bv,o — pn) + (Bv, — Bv, o)

s(wM&m+um)W—%A+w%—Bu%m
n>1

the desired result now follows from (3.13).



ii) Let v € H? and let {v, },>1 be a sequence such that sup |v,|, < oo and v,, — v in L?
> b 2
n>

as n — oo. Since |f (v,) — f (V)| <€ (f) |vn — v|, for n > 1, we infer that f (v,) — f (v)
in L?. In view of the estimate

(3.14) |Buy — Bol” < |f (v) = f ()| [V2f (va) = V2 ()],

to derive the desired convergence result it remains to show that sup |V2f (v,) — V2f (v)| <
n>1
oo . To this end, we observe that

‘VQf (Un)} = |f// (Un) (an)2 + f' (Vn) V2Un|
< }f” (Vn) (an)2| + ‘f/ (Vn) V2vn|
f

< sup |f"(&)||VoalTa + sup |f (O] [V
|€] < M2 |§1< M2

Y

where My denotes sup|v,|e. It now follows from Lemma 3.1 that
n>1

V27 )| <% (1) (|V20a] 2 1902 + [920,] )
and since {v, },>1 is convergent in H?, this yields

(3.15) sup |V f (v,) — V2 f (v)] < 0.

n>1
Combining (3.14) and (3.15) we now obtain the desired result.
(iii) Let a > 0, and define wy («) by
(3.16) wo (@) = (1/2) sup {| " (v) V| gy i v € H2, o], <}

For 6 € [0,1], let us denote z4(-) = Ov(-) + (1 — 0) w(-). Suppose that v,w € H?
lv], < @, lw|, < a, and for § € [0, 1], let us denote zp(-) = Ov(-) + (1 — ) w(-). Therefore,
by (3.4) it follows that

(Bv — Bw,v —w) = (f (v) = f(w),V (v—w))
— </ d/de (f (ze))dQ,V(U—w))

0

- </01 f () d6, (12 (v — w)2))
=12 ([ 1) (V) o, 0w

From this relation we deduce that |(Bv — Bw,v — w)| < wp (a) |v — w|*, which proves the
third statement.
(iv) Let a > 0, and define w;(a) by

(3.17)
wi (@) = max {wo (), (sup | /" (0)] ) (5up [V0] 1) + (sup | £ (0)] 1o0) (5up [ V0, )
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+(3/2) (sup [/ (v)[ ) (sup [V0[ 1) }

each of the supremums being considered over the set {v € H?, |v|, < a}. As a first step,
we see that
One may see that

(V(Bv— Bw),V (v—w)) = (f"(v) Vo — f' (w) Vw, V* (v —w))

( /0 1 (d/d) (' (25) Vzg) dO, V? (v — w)>
_ ( /0 17 (z0) (0 — w) Vg, V2 (0~ w))

+ (/01 ' (z0) (Vo — Vw) df, V? (v —w)) :

We denote by T, and T, respectively, the first and the second term of the right-hand side
of the abov. qultyBy(3) it follows that

Ty = (</ 7 (2) V2 d@)( Q(U—W))‘
_ (v ((/ £ () Vzede) (v — w)) V(- w)) ’
<|(([ rrerwatio) oo, io-u)
’((/f ) V22 d@) V(v—w>)‘

(R e
(v \Y%

< [sup [/ (v)] o) (5D [Vl poc)” + (suD [ f” ()] ) (5D [ V0] )]
(o —wl, [V (v = w)]) + (sup | " (v)] o) (5D [V o) [V (0 = w) |
and
= [((f ) o920
!</ r .02 w>>2>)!
- ([ rersemic-o)
< (1/2) (sup | f" ()] o) (sup [V0] 1) [V (0 — w) [
Since (j[v —w|,|V (v —w)]) < |lw—2v||V(v—w)| < |v w[,w obtain the desired
result. ]
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By this proposition, it is seen that the nonlinear differential operator B is continuous
and quasidissipative on each subset {v € H?;|v|, < a}, a > 0. In view of this fact, we
can employ the classical notion of mild solution.

Definition 3.1. Let v € H?. A H?-valued function u (-) on R is said to be a mild solution
of (3.6) (or of (3.1)) with u(0) = v if u(-) € C(R; H*) and satisfies

(3.18) u(t):GA(t)v—l-/tGA(t—s)Bu(s)ds for t € R.

Let v € H? and u (-) € C(R; H?). As is easily seen, u (-) is a mild solution of (3.6)
with u (0) = v if and only if satisfies

(3.19) (u(t),w) = (v,w)+ /0 {(V2u (s),V ) (Vf(u( }ds

for t € R and w € H'. By Theorem 2.1 and Proposition 3.1, we have the following result
which guarantees the uniqueness of mild solutions.

Proposition 3.2. Let u(-),u(-) be mild solutions of (3.6) with initial data u(0) = v and
u(0) =v. Then for each 7 > 0 we have

(3.20) lu(t) —a @) < ey -0 forte[-7,7].

where o is chosen such that |u (t)]|, < a and |4 (t)|, < a for each t € [—7,7] and wy (a)
1s the constant provided for o by Lemma 3.1.

We next discuss the existence of nonlinear groups of locally Lipschitz operators on H?
which provide mild solutions to (3.6). To this purpose, we introduce five l.s.c. functionals
op : H* — R, k = 0,1,2,3,4 which will also be employed to establish the regularity
properties of the solution. We define

(3.21) wo (v) = |v], ve L
v(z)

o (v) = 1m|vm-i/ / F(6)dedr,  ve HY

<p2(v) (1/2) [V20[* + (5/6) (f (v),V*),  ve H

05 (v _|V3U+Vf( )|, v e H?

ps(v) = |[V3f (v) + V[ (v)], ve H.

Since we have established the continuity and quasidissipativity of B on level sets of H?
with respects to the usual Sobolev space norm, it then becomes necessary to show that
Yo, P1, P2 are equivalent to |« |o, | - |1, | - |2, in the sense that the level sets induced
are equivalent. However, the functionals ¢, appear to be more intimately related to
the physical structure of the model since, as will be seen in Theorem 4.2, ¢; and , are
actually invariants for the generalized Kortweg-deVries equation (3.1). It is also important
to see that p3(v) = [(A+ B)vls for v € H® and p4(v) = |(A + B)v|s for v € H*.

10



Lemma 3.2. The following affirmations hold:

(i) For each ag, ay > 0 there is 31 = By (ap, a1) > 0 such that if v € H', oo (v) < oy
and o1 (v) < aq, then |Vu| < ;.

(ii) For each ap, a1, ag > 0 there is o = [ (g, a1, ) > 0 such that if v € H?,
o (V) < ap and 1 (v) < ay, then |Vu| < fs.

Proof. (i) In view of the growth condition (3.3), one finds C; and C, € R such that
f'(s) < Ci+ Cyls|’ for each s € R, and by integration we find that [ f(£)dé <
Cy|s]> + Cy |s|P™ for each s € R and some Cy, Cy. The use of Lemma 3.1 leads us to the
estimate

o] v(z)
o / /0 f(§) dedu < Cy [of* + Ca o] 732
< 01 ’U’2 + 022;0/2 |V’U’p/2 |U‘(p+4)/2

for each v € H'. Invoking Young’s inequality, one obtains
4/4—p
o2 [Vul?? o] " < (1/4) [Vof + (1/4) (4= p) (G (4p)"* o] 7F02)

Hence we get the estimate

4/4—p

(3.23) (Vo> < 4 (o 4+ Ciag)® + (4 — p) (02 (4p)p/4 aép+4)/2> ,

from which the desired result follows.
(ii) By (3.4) and (3.21) it is seen that

V20" = 20 (1) = (5/3) (/' (v) . (V0)°) .
and therefore
(3.24) IV20[® < 205 + (5/3) € (f, a0, 51) 5
Here, by € (f, ao, /1) is denoted a positive constant which depends only on f, ag, £;. O

In view of Theorem 2.1, it is necessary to show that the range condition (IIL.3) is
verified with respect to ¢ = @s. Therefore, to proceed any further, we need the follow-
ing technical lemma, which gives an estimate for intermediary terms arising from the
computation of the values of 5.

Lemma 3.3. For each ag > 0 and oy > 0 there are a = a (g, 1) > 0 andb = b (g, 1) >
0 such that

(3:25)  [(1/6) (£ (0) (Vo). ¥20) + (5/6) (' (v) Vo, f' (w) Vo) | < aipa (v) +b

for v,w € H? with oy (v) < ag, 01 (v) < ay, po (w) < ag, 1 (W) < ay.
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Proof. Let ag, a; be positive numbers and let v, w € H? so that g (v) < ag, po(w) < ap,
v1(v) < aq, p1(w) < ag. We may apply Lemma 3.2 to find 8, = f1(ag, 1) > 0, and
inequality (3.13) now implies that there is 41 = y1(ap, a1) so that |v]|p= < 71, |w|p= < 71.

Denote sup |f"” (&)| by € (f, a, a1). It is then easily seen that
[€1<m

|(1/6) (f” (v) (Vo)°, V2 ) + (5/6) (f' (v) V2o, f' (w) V)|
< (1/6) [ £ (v) (V)*| |V20] + (5/6) | £/ (v) V20| | f (w) V]

We denote by T and T5 respectively the first and the second term of the right hand side
of the above inequality, and we observe that

= (1/6) | " (v) (Vv)*| |V?0] < (1/6)F (f, ap, an) [Vul3s |V
< (1/3) % (f, 00, ) |V20[* [V
< (1/3)F (f, a0, a1) 52| V20|
and
= (5/6) | f' (v) V*0! |f' (w) Vw| < (5/6)F (f ag, o) | V20| [Vl
< (5/12)@" (f, a0, a1) (W%\ +1>

where € (f, ap,a1) = sup |f' (€)|. Using (3.23), one then obtains
1€1<m1

[(1/6) (f" () (V0)*, V20) + (5/6) (f' (v) V0, ' (w) Vuw)]
< @/3) (€52 + GINTB) (22 v) + (5/6)65) + (5/12F B
= a (ap, 1) g2 (v) + b (g, 1) -

4 Resolvents of the semilinear operator A + B

The next result shows that a generalized form of the range condition is fulfilled.

Theorem 4.1. Let v € H3, ¢ > 0 and suppose that ag,aq, a0 > 0 are chosen such
that o (V) + e < ap, o1 (V) +& < a1, and €* (o2 (V)| + (b+¢)) < o, where a =
a(ag,a1) and b = b(ap, 1) are numbers as in Lemma 3.3. Then there is a number
Ao = Ao (a1, a0, a3,6), 0 < Ao < min{l,1/2a,1/wy} such that for each X € (=X, o)
there is an unique element vy € H® which satisfies

(4.1) vy —A(A+B)uy =,
and
(4.2) o () < o (v) + [Ale,
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¢1(02) < @1 (v) + [N e,
w2 () < (L= [Aa)™ (g2 (v) + A (D+¢)),
03 () < (1= [Awo) ™ 03 (v).

Furthermore, if v € H*, then vy € H* and satisfies

1 (02) < (L= [Mwr) ™ o4 (v).

Proof. Let v € H3, ¢ > 0 and suppose that o, o, ap are numbers as indicated above.
By virtue of Lemma 3.2 we can choose (3, (1, f2 > 0 such that

(4.3) {we H? ¢y (w) <, k=0,1,2} C {w e H?, ka| < B, k=0,1,2}.
We denote

(4.4) Lo = sup {|Bw| cw € HY Jw| < By, [Vw| < 61} :

(4.5) Ly :sup{|VBw|;wEH2, V’“w| gﬁk,k::0,1,2}.

Further, choose 33 > 0 such that |V3v| + 2Ly < 35 and set

(4.6) Ly = sup {|V*Buw

w e H?|VFw| < B,k =0,1,2,3}.

By (4.3) and Proposition 3.1, there is a number § = § (Jv|,,€) > 0 such that if w € H?,
|lw —v| < § and |ka‘ < max {ﬁk, ‘Vkv‘ + Lk}, k=0,1,2, then

(4.7) |Bw — Bv| < ¢/2,

f (w) = f(v)] B < e/2,
IVBw — VBuvl| 35 < /5,

[ (w) = [ ()| 85 (|V?0] + L2) < ¢/5.
We now try to obtain (4.1) and (4.2) using a fixed point argument. Set
(4.8) Ao =min{l, 6/0s, £/ (20s), 1/ (2a), 1/wo}
and let A € (=g, \o), A # 0 be fixed. Let K be a subset of H? defined by
(4.9) K ={we H% |w—v| < |\ B, [V'w| < B, k=0,1,2,3}.

It is easily seen that K is convex, bounded and closed in L?. Since L? is reflexive, K
is weakly compact in L?. We define a mapping I' : K — H3 by

(4.10) Tw= (I —AA)"" (v + ABw) for w € K.

Since the resolvent function (I — )\A)_l is strongly strongly continuous in L?, it is also
weakly weakly continuous, and Proposition 3.1 implies that I' is weakly weakly continuous
on L?. We now show that I' maps K into itself. To prove this, let w € K and note z = I'w.
It is seen that

|z — o> = (2 — v, A\A2) + (2 — v, \Bw)
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= (—v,AAz) + (z — v, \Bw)
=A(Av,z) + A (z — v, Bw)
< Az — v (|V3U| + |Bw|) ,

and thus

(4.11) |z — o] < A (|VP0] + Lo) < || Bs.
Also, since (4.10) implies

(4.12) Mz =z —v— \Buw,

it follows from (4.4) that

(4.13) (V22| < (1/|A]) |z = v| + | Bu]
< |VP0| +2Lo < fs.
We next prove that ‘sz‘ < }V’“v‘ + Ly, k=0,1,2 , which will enable us to use the
estimates in (4.7). Using again (3.4), we obtain
> = (2,04 Mz + ABw)
= (z,v) + A (z, Bw)
< [z] (o] + A [Bw]) -

2]

Together with (4.4) and (4.8), this implies |z| < |v|+|A| Ly. Repeating the same argument
as above, it is seen that

Vz|* = (=V?2,v+ AAz + ABuw)
= — (V?2,v+ ABw) = (Vz, Vv + AVBuw)
< [Vz| (Vo] + [A[ [VBuwl),

and thus one obtains from (4.5) and (4.8) that |Vz| < |Vu| + |A| L.
Let now 2, — z in H?, 2, € C> (R). By (3.4) and (4.12), we have

(4.14) (V2z, VQZ) = (VQZ, Vi — szn) + (VQZ, szn)
< |V22‘ ‘VQZ — szn‘ + (v + Az + A\Bw, V4zn) .
Since (4.12) implies that Az € H?, using (3.4) we obtain that
(v + A\Az + A\Bw, V4zn) — (VQU, V2Z) + A (VQAZ, V2Z) + A (V2Bw, V2z)
as n — oo. Combining this with (4.14), one may obtain that |V?z| < |V2v|+ L. We next
prove that ¢ (2) < ag for k=0, 1,2, and so (4.3) will imply that !sz‘ <G, k=0,1,2
. From (3.4) and (4.12) it is clear that

12]> = (2,0 + AAz + ABuw)
= (z,v) + A(z, Bu — Bz)
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< [z (Jo] + Al [Bw = Bz]),
from which one may get
|z| < |v|+ |\ (|Bw — Bv|+ |Bz — Bvl).
Therefore, by (4.7), z satisfies the inequality
(4.15) |z] < |v|+ [N e < .
Note that in the above estimates we have also used the fact that (Bz,z) = 0 for each
z€ H"
We now try to estimate ¢1(z). By (3.21) we have
5 12 ) 12 00 z(x)
(416) @1 (2) =1 (v) =(1/2) |[V*2[" = (1/2) [V*0|” - " f(&) dédx

=(1/2) ]v22| (1/2) \v%}

[ re ()0 (@) (= () v (2)) dr.
Put wy () =60()z()+(1—=6(-))v(:). From (4.8) we infer that
(4.17) lwy —v| =10 (2 —v)| <|A| B3 < 0.

Since |w — v| < ¢, relation (4.7) leads us to the estimate

(4.18) |(f (w1) = f(w), 2 —v)| <e/fs]z —v| < |Ae.
Therefore, by (4.16) and (4.18) it follows that

p1(2) = @1 (v) < (1/2) [Vl = (1/2) [Vo” = (f (w) .z = v) + A e.
Since (f (w),z —w) = A(f (w), Az + Bw) and (f (w), Bw) = 0, it is seen that
(4.19) 01 (2) — 1 (V) < (1/2) V2] = (1/2) |[Vo]* = A (VBw, Vz) + |\ e

and this implies that ¢ (2) < 1 (v) + [N e < a;.
To estimate po(2) we first observe that, by virtue of (3.4),

(4.20)
(f(z),VQ,z) ( ) ), V2 ) (f(v),VQZ—VQU)
(z—v),V?2) — (VBv,z — v)
f z))(z—v),VQZ) + (f’ (2) (z—v),VQz)
(VBU — VBw z—v)— (VBw,z —v)
I (w (2)), V2 (z —v)) + (f' (2) V?2,2 — v)
(VBU — VBw z—v)— (VBw,z —v),

(/1
= ("
((
((
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where w; is defined as above.
Since

[((F (w1) = [ (2)), (V22) (2 = )| < (If (w1) = f' ()] + 1f (v) = £/ (2)]) [VZ2| [z = o],
the estimates in (4.17) imply
[ (w1) = f" () </ (585 (| V?v] + L2)) .

and also
1f'(2) = [ ()] < e/ (565 (| V0| + La)) .

Hence |((f" (w1) = f'(2)), (V?2) (z = )| < 2 [A[[VZ2] / ((IV*0] + Ly)) , and, since
(V22| < |V?0| + Lo,

(4.21) [((f (w1) = [/ (2)), (V?2) (z = v))| < 2e|A] /5.
From (4.7) and (4.11), it is easy to see that
(4.22) |(VBv — VBw, z —v)| < |VBv — VBuw| |z —v| < e|A| /5.

We now estimate the term (f’ (z) V22, z — v) — (VBw, z — v) from the right-hand side of
(4.20). From (3.4) and (4.12) we have

(f'(2) V?2z,2 —v) = (VBw,z —v) = (f'(2) V’2, A (Az + Bw)) — A (VBw, Az + Bw)
=A(f ( "(2) V22, A (Az + Bw)) — A (VBuw, Az)
“A(f'(2) V?2, VP2 + [ (w) Vw) — A (VBuw, Az).

On the other hand,

(V?2,V?2) = (V?2,V?u + AV?Az + A\V?Buw)
= (V?2,V*) + X (V?2, V?Buw)
= (V?2,V?0) + A\ (Az, VBw),

from which we infer that

(f'(2) VP22 —v) + (VBw,z —v) = = A (f' (2) V?2,V?2 + [ (w) Vw)
+ (VQZ,VZU) — (V22,V22) .

In order to proceed any further, we need the important “integration by parts” formula
(4.23) 5(f (2) V22, V?2) = (VBz, Az) + (1" (2) (V2)*,V?2) .
To prove this, we first see that

(4.24) (f (2) V22, V32 ) = (V (f/ (2) sz) ,sz)
— (" (2) VaV?2,V?2) — (' (2) V2, V?2)
— (" (2) VaV22,V?2) — (f' (2) V?2,V?2).
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This implies

2(f (2) V?2,V?2) = — (" (2) V2V?2,V?2)

= (/2 (V (1" (2) (V2)) = 1" (2) (V=) V)

=(1/2) (f" (2) (V2)*, V22) + (1/2) (f" (2) (V2)", V*2)

=(1/2) (V (f' (2) Vz) — [ (2) V2, V?2)
+(1/2) (f" (2 ) (V2)° ,V?2)

=—(1/2) (VBz,V?2) — (1/2) (f' (z) V?2,V*2)
+(1/2) (f" (2) (V2)*, V%) |

from which the desired equality follows. Note that (4.23) justifies also the choice of the

functional @9 in (3.21).
Thus it follows from (4.20) through (4.23) that

(f (=), V2z) - (f(v), VQU)
<3\ e/5=A(f(2) V22, f (w) Vw) + (V?0, VZ2) — (V?2,V?2)

—A((1/5) (VBz,Az) + (" (2) (V2)*, V?2))
<3|Me/5— (A/5) (VBz, Az) + (V*0, V2 ) (V?2,V?2)

— (A/5) [(f' (2) V22, f' (w) V) +5 (£ () (V2)*, V?2)] .
Since A\ (VBw, Az) = (V?2,V?2) — (V?v, V?2), we see that

(4.25)
(f(2),V?2) = (f (v),V*)
< 3[e/5 = (A/5) [(f' (2) V22, f' (w) V) +5 (" (2) (V2)*, V?2)]
— (A/5) (VBz — VBw, Az) — (6/5) ((V?2,V?2) — (V?0,V?2)).

Using (4.7) one gets

(4.26) (VBz — VBw, Az)| < (|[VBz — VBv| + |VBv — VBuw|) |Az|
< 2¢/5.

We therefore infer from (4.25), (4.26) and Lemma 3.3 that

(f(2),V%2) = (f (v),V?) + (6/5) ((V?2,V?2) — (V?0,V?2))
< e A+ A (apz (2) +b) /5.

Since
(VQZ,VQZ) — (V2v, VZZ) > (1/2) ((sz, sz) — (VZU, V%)) ,

we see that
©2(2) — 2 (v) < (5/6) e [A] + [A| (ap2 (2) + D) .
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From this inequality we deduce

2 (2) < (1= |\ a@) " (02 (v) + (5/6) £ |A| + A )
<(1=1Aa) " (2 (0) + A (b+2)).

Noting that (4.8) implies (1 —|A|a)™" <14 2|\ a < €2, one gets
(4.27) P2 (2) < € (g2 (V)| + A (b +€)) < az,

and so we obtain that z € K. Applying Tihonov’s Fixed Point Theorem, we get the
existence of a fixed point v, satisfying (4.1).

As seen in Proposition 3.1, A+ B —wy (az) I is dissipative on {v € H?; |v|, < as}, and
this implies the uniqueness of vy. Also, since A+ B, —A — B are quasidissipative, we get
from (4.1) that

Al s (v2) < (1= A wo) " IA(A+ B)v| = A (1= [Alwo) ™" 3 (v),

and so @3 (vy) < (1 — |\ wo) " s (v). It is easily seen that if v € H*, then vy € H* and,
by the same reasoning, o4 (v)) < (1 — [A|w1) ™" ¢4 (v), which finishes the proof. O

We can now employ the generation result stated in Section 2 to obtain the existence
of a nonlinear group of locally Lipschitz operators on H? which provides mild solutions
to the initial value problem for the generalized Kortweg-deVries equation (3.1).

Theorem 4.2. There exists a nonlinear group G = {G (t);t € R} on H? such that the
following properties are satisfied:

(i) For each v € H?, G (-)v € C'(R; H?) and G (-) v satisfies
(4.28) G’(t)v:GA(t)qu/tGA(t—s)BG(s)vds forteR.
0

(ii) o (G (t)v) = po (v) and @1 (G (t)v) = @1 (v) fort € R and v € H.
(iii) For each ap,aq > 0 there exist positive numbers a = a (ap, 1) and b = b (ag, aq)
such that

(4.29) P2 (G (t)v) < e (2 (v) +b]t])

forv e H?* with ¢o (v) < ag, 1 (v) <y and t € R.

(iv) Each of G (t) maps H? into itself and H* into itself.

(v) For each o, > 0, k = 0,1,2 and each 7 > 0, there exists a positive number
wo = wo (g, a, g, T) such that

(4.30) 3 (G (t)v) < g (v)
fort € [—=7,7] and for v € H® with o (v) < o, k = 0,1,2. Consequently, if v € H?,
then G (\)v e C (R; H3) N C' (R; L?).
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(vi) For each oy, > 0, k = 0,1,2,3 and each 7 > 0 there exists a positive number
wy = wy (g, o, g, 3.7) such that

(4.31) pa (G (t)v) < ey (v)

for t € [=7,7] and for v € H* with o (v) < o, k = 0,1,2,3. Consequently, if v € H*,
then G (-)v € C (R; HY)NCY (R; HY). In particular, if v € H* | then u (t,z) = [G (t)v] z,
(t,z) € R x R satisfies the equation (3.1) pointwise on R x R.

Proof. Let v € H?. Since the range condition in Theorem 4.1 is verified for v € H3,
we need to use a density argument. We choose a sequence {v,} in H* v, — v in H? as
n — oo. Let € € (0,1) and let also oy, a1, as > 0 so that

sup @ (V) +€ < ag, k=0,1 and e* (sup |02 (V)] + (b+ 5)) < g,
n>1 n>1

where a = a (ap, 1) and b = b (g, o) are numbers as in Lemma 3.3. Applying Theorem
4.1, one gets A9 > 0 such that to each A € (=)o, \g) and n > 1 there corresponds an
unique vy , € K which satisfies

(4.32) Unn — A(A+ B) vy, = Up;
and
(4.33) ©o o (vn) + A g

Since, as seen in Proposition 3.1, B is quasidissipative on level sets of H?, (4.32) implies
[Uxn — Uam| < (1 —|A| wo)_l |vy, — U], and so v, converges in L? to some vy. Since K
is weakly compact in H3, one can extract a subsequence Uxn, such that vy,, — vy in H 3,
We now prove that this implies vy ,, — vy in H?. By (3.4), one obtains

(V (Urne = 02) 5 V (Uang = 02) = = (Oame — 0x, V2 (Uan, — 02))
which implies that |V (vy,, — U)\)|2 — 0, and therefore vy, — vy in H'. Also,
(V2 (0ame = 02)» V2 (Uam, — 02)) = = (V (Uan, — 02) . V2 (Unn, — 02))

from which we get the required H?2-convergence of Uxn, 1O V.
From (ii) of Proposition 3.1, we see that Av,,, — Av, and Bvy,, — Bv,, and since

Vnny, — A (A + B) Uxng = Uny
passing to limit as k — oo we get

Uy —A(A+ B)uy, =w.
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Moreover, since ¢g (vVxn,) < @0 (Un,)+|A| € and v,, — vin H?| it is seen that g (vy) <
@o (v) + |A| €. From (4.33) we also infer that

o0 Vx,ny, (%)
(434)  (1/2)[Vorm[* - / / £ (€) deda

o] Unk(x)
</ v - [ /0 £ (€) déda + [N <.

Now, since

(4.35) ‘ /_ Z / W)) F(€) deda

A,ng ($

/_Z (/01 f(Ouy () + (1 = 0) va, () da) (0 (&) — Uy () dee

<

|U)\ - U,\,nk\ )

/0 £ 00y () + (1= 0) vy () dO

and the first factor in the right-hand side is uniformly bounded with respect to k, from
(4.34) we find that

oo pux(z)
(4.36) (1/2) Vo - / /0 £ () dédz

oo v(z)
g(1/2)]Vv|2—/_/0 £ () dedr + A

Thus, it follows that ¢1 (vy) < @1 (v) + |A|e. We now try to prove that ¢s(vy) <
(1 — [Ma) " (pa(v) + [A[(b+€)). From (3.4), it is seen that (5/6) (f (van,), ViUrn,) =
(5/6) (Bvan,, VUrn, ), and using the continuity of B on level sets we easily obtain that

(4.37) (5/6) (f (vang) > VZOrn,) — (5/6) (f (vn), Vu) as k — oo.
Combining (4.37) and (4.33) we deduce that ¢, (vx) < (1 — A @)™ (s (v) + |A| (b+¢))
as required. Applying now Theorem 2.1, we conclude that there exists a nonlinear group

G = {G (t);t € R} of locally Lipschitz operators on H? such that G (-)v € C (R; L?) for
each v € H? and (4.28) is satisfied together with

(4.38) w0 (G (t)v) < ¢o (v) and @1 (G () v) < @1 (v)
for v € H? and t € R, and
(4.39) 2 (G (1)) < e (0g (v) + b t])

for v € H? with ¢y (v) < ag, p1 (v) < @ and t € R.
We will now prove that actually G (-) v belongs to C' (R; H?) for each v € H?.
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Let v € H?(R), t € R and let {t,} be a sequence such that ¢, — t as n — oo. From
(ii) of Lemma 3.2, (4.38) and (4.39), there is 82 = (2 ({t,} ,t) such that |V2G (t,) v| < s

for n > 1. Since
VG (t,) v — VG (t)v]* = | (V?G (tn) v — VG () v, G (t,) v — G (1) v)]
< MG (tn)v =G (t)v],

we get that G (-) v € C' (R, H'). To show that G(-)v belongs to C(R; H?), we first prove its
continuity with respect to the weak topology of H2. Then we use the exponential growth
condition (4.39) to show the continuity of |V2G(+)|. The conclusion will then follow from
a strong convergence criterion for uniformly convex spaces. We first see that

(V2G (tn) v,0) = — (VG (t,) v, Vi) — — (VG (t) v, Vi)

as n — oo, for each ¥p € C* (R). Since (VG (t)v, Vi) = — (V?G (t) v,v) one obtains
that G (t,)v — G (t)v in H? as n — co. Moreover, from (4.39) and the group property
of G we obtain

02 (G (ta) v) = @2 (G (tn, — 1) G (t)v) < e (03 (G (t) v) + DL, — 1)
We therefore infer that

(4.40) i 2 (G (1) v) < 2 (G (£)v).

n—oo

Since G (t,)v — G (t)vin H? G (t,)v — G (t)v in H' and
(5/6) (f (G (ta)v), V?G (ta) v) = (5/6) (BG (t,) v, VG (ta) v),

we also have

(4.41) lim oy (G (t,) v) > 02 (G (t)v).

n—oo

From (4.40) and (4.41) one obtains that

lim 3 (G (t) v) = 02 (G (£) ).

n—oo

Noting that

02 (G (ta)v) = (1/2) [V?G (t,) v| + (5/6) (f (G (tn) v, VG (t,) v))
= (1/2) |V2G (tn) v| + (5/6) (BG (tn) v, VG (t,) v)

since G (t,)v — G (t)v in H' as n — oo, we get
(4.42) (VG (t,)v| — |[V?G (1) v as n — 00.

Since G (t,)v — G (t)v in H?, (4.42) implies via a strong convergence criterion for
uniformly convex spaces that V2G (t,)v — V2G (t)v in L?, and so G (t,)v — G (t)v in
H? as requested. Also, the inequalities in (4.38) imply

o (G (1) v) < o (v) = @o (G (=) G (H)v) < o (G (t)v)
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and
e1(G(t)v) <1 (v) =1 (G (=) G (t)v) <1 (G (t)v),

hence ¢q (G (t)v) = ¢o (v) and @1 (G (t) v) = ¢y (v) for each v € H?.
By Theorems 2.1 and 4.2, each of G (t) maps H? into itself and (4.32) easily implies
(4.36). Next, let us suppose that v € H3. Tt is seen that

=0ty (G (1) v) < 03 (G (1) v) < el Mg (G (L) )
which implies in turn
(4.43) lim @3 (G (t,)v) = @3 (G (t)v).
Since
(VPG (ty) v+ V(G (L) v),¢) = — (VG (ta) v+ [ (G (tn)v), Vi)
for each 1) € C° (R), using the H?*-continuity of G (-) v one obtains that
V3G (tn) v+ VF (G (t,)v) = V3G () v+ Vf(G(t)v) as n — 0o
and this, together with (4.43), implies
(4.44) V3G (t,) v+ Vf(G(ty)v) = V3G H)v+Vf(G({t)v)  asn— oo.
But Vf (G (tn)v) = —BG (t,) v — —BG (t)v = Vf (G (t) v), so
V3G (ty)v — VPG (v asn — oo,

and therefore G € C' (R; H3) N C* (R; L?). In the same way one can get that, for v € H*,
G € C(R;H*) N C'(R; H'), and in this further case u (t,z) satisfies the equation (3.1)
pointwise on R x R. O

Remark 4.1. It is easily seen that differentiating a solution of (3.1) with respect to ¢ one
reduces its regularity from C (R; H?) to C (R; L?), that is, with three a-derivatives. With

regard to this, it should be mentioned that if the function f in (3.1) is of class C* (R)
[k/3]
and satisfies (3.3), then G (-)v € ﬂ cm (]R H%= 3m) for each v € H* and for any integer

k > 3. It is also interesting to note that the regularity of the group G = {G (t);t € R}
with respect to t is established with the aid of the l.s.c. functionals @9, 3 and @;.
5 Regularized dispersive equations

In this section we establish the existence of nonlinear groups G, = {G,, (t);t € R} of
Fréchet differentiable operators on H' which provide mild solutions to the initial value
problem for nonlinear dispersive equations of the form

(5.1) w4+ (f (w), + Upge — Pz = 0, t,r eR
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(5.2) u(0,2) = ug (), xr eR.

Here p > 0, f is merely a nonlinear function of class C' (R) such that f (0) = 0 and ug
is an initial function given in H'. The convergence of G, = {G, (t) ;t € R} to the group
G ={G (t);t € R} obtained in Theorem 4.2 will be also discussed in the next section.

Equation (5.1) is regarded as a pseudoparabolic regularization of the generalized K-dV
equation (3.1). An equation related to (5.1) is the long wave equation

(5.3) Up + Uy + Uy — Uggy = 0,

which was proposed by Benjamin, Bona and Mahony in [2] as a substitute for K-dV
equation. A derivation of the equation (5.3) was also given in Benjamin [3]. Since then,
many works have been devoted to the study of equations of type (5.3) (we refer the reader
to, for instance Iwamiya, Oharu and Takahashi [10], Medeiros and Menzala [15], Medeiros
and Miranda [16]). See also Avrin and Goldstein [1], Goldstein, Kajikya and Oharu [9]
for a discussion on the equation (5.3) in several space variables, Tsutsumi and Mukasa
[24] for other parabolic regularizations of (3.1), Bona and Chen [4], Bona and Smith
[5], Takahashi [23] for problems related to (5.1). Also, initial-boundary value problems
for a class of equations which significantly generalize (5.3) were treated by Oharu and
Takahashi in [19] using nonlinear operator theory.

In order to derive a semilinear evolution equation in L' which is equivalent to (5.1),
we begin by defining some necessary operators and stating their properties.

Let A be the one-dimensional Laplace operator defined by Av = V2v for v € H?. It
is easy to see that I — uA has a bounded inverse (I — uA)~" on L? which satisfies the
relation

(5.4) ((1- pA) ! v,w) = (v, (I — pA) ! w) , for v,w € L%
Moreover, since (3.4) implies

(1 - pA) ! Vo,v) = — ((I - pA) ™! v, V) for v € H,
from (5.4) one may deduce that
(5.5) (1 - pA) Vo, v) =0 for v e H'.

We introduce a densely defined and closed linear operator A, in L* by
(5.6) A= 1/p) (Vo— (I —puA)"'Vo)  forve H
and a nonlinear operator B, from H' into H? by
(5.7) Bw=—(I—uA)"'Vf(v) for v e H'.

Further, we define new scalar products on H' and H? by

(u,v)1, = (u,v) + p(Vu, V) for u,v € H',
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respectively
(u, )2, = (u,v) + 2u(Vu, Vo) + (i (Vu, V>0) for u,v € H?,

and we denote by |-, , and ||, , the norms induced on H', respectively on H?, by these
scalar products.

Let now k be an arbitrary positive integer. It is easy to see that A, maps H*! into
H* and

(5.8) (VEAu, V) = (1/p) (VP u, VRu) = (1/p) (I = pA) ™ VR, VE)

for u € H*'. Therefore, from (5.5) and (5.8) it follows that (V*A,u, VFu) = 0 for
u € H*. Hence (A,u,u), = 0 for each v € H*' and so A, is the generator of a
(Co)-group T}, = {T,, (t) ;t € R} such that each of T}, (¢) maps H* into itself and satisfies
the relation

T, (t)v], = |v], for each t € R and v € H".

Also, one may see that

(5.9) (1 — ,uA)_1w|2/L = |w| for w € H?.

Now equation (5.1) can be rewritten as a semilinear evolution equation in (H L ||u> of
the form

(5.10) (d/dt)w, (t) = (A, + B,) u, (1), teR.

Our purpose is to construct the solution operator groups for (5.10) on H' using the
generation theorem stated in Section 2. To this goal, we need to establish further regu-
larity properties of the operators B, as will be done in the next proposition.

Proposition 5.1. Let p in (0,1). For the nonlinear operator B,,, the following statements
hold:

(i) For each o > 0 there is a number w = w (a, u) > 0 such that
|Buv — Buw|, , <wlv—wl|

for v,w € H" with |v|, , <o and |w], , < a.

(ii) B, is continuously Fréchet differentiable on H' and its Fréchet derivative dB,v at
v € H' is given by

dB, (v)w ==V (I —pA) ' (f (v)w))  forwe H.
Proof. Let o > 0 and set
w=p?sup {\f’ (V)] oo 0 € HY 0]y, < a} :
By (3.4) and the definition of B, we see that
|B,v — Buw|i = (By,v — B,w, Byv — B,w) — (A (B,v — B,w) , Byv — B,w)
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=—(Vf(v)—-Vf(w),B,w— Buw)
= (f(v) = f(w),V (B, — B,w)).

Hence |B,v — B,wl? , < wlo —w|p!”? |V (B, — Byw)|, from which the desired estimate
follows. To get (ii), we note that

By (v +w) = Byo +V (I = uA) 7 (f () w)];

= (V(Bu(v+w) = B, (v) =V ((I = n) ) (f' (W) w)) , f (0 +w) = f (v) = [ (v) w) ,

which implies

|Bu(v+w) = By =V (I = pd) 7 (f () w)],, <p™ 2 |f (v+w) = f(v) = f (v)w].

Therefore, | B, (v+ w) — Byv — V (I — A () w)|1 L =0 <|w|w>, and so (ii) is
proved.
[

We are now in position to state the main result of this section.

Theorem 5.1. For each j1 > 0 there exists a nonlinear group G, = {G, (t);t € R} of
locally Lipschitz operators on H' which satisfies the properties given below:

(i) Ifve H', then G, (-)v e C(R; H') N C* (R; L?) and
¢
G,(t)v="T,(t)v+ / T, (t —s)B,G, (s)vds,
0

fort e R andv € H.
(ii) If v € H?, then G, (-)v € C(R;H?) N C' (R; H') N C? (R; L?) and satisfies the
equation in C' (R; H')
(d/dt) G, (t)v=(A,+B,) G, (t)v forteR.

(iii) Each of G, (t) is continuously Fréchet differentiable on H'.
(iv) @ou (G (t)v) = @0, (v) fort € R andv € H', where the functional ¢, is defined
by
Pou(v) = vl forve H'.

(v) o1 (G, () v) = 1 (v) fort € R and v € H', where ¢, is the functional defined by
(3.21).

Proof. One may show that A, + B, satisfies the following range condition

For each o > 0 there is a number A, = A, (@) > 0 such that for any v € H' with
v];,, < @ and for any A € (=), A,) there is an element vy € H' such that

vy — A (A, + B,) vy =,
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o.u (V2) < o, (V) + A€,
1 (vy) <1 (v) +|A|e

The proof is similar to that of Theorem 6.1, and the desired result follows easily from
Theorem 2.1 and Proposition 5.1. O

Remark 5.1. Note that the differentiation of a solution reduces its Sobolev regularity
from C (R; H') to C (R; L?), that is, with one z-derivative, and so if f € C* (R), then

k
Gu()ve N C™(R;H*™) for each v € H* and for each integer k > 1.
m=0

6 A convergence theorem for nonlinear groups

In the previous sections we have obtained the existence of the nonlinear groups G =
{G(#);t >0} and G, = {G, (t);t > 0} of locally Lipschitz operators on H?, respectively
on H', which provides mild solutions to the initial value problems for the generalized
K-dV equation (3.1), respectively to its pseudoparabolic regularization (5.1). Here we
discuss the convergence of G, to G. For this purpose, we assume that the nonlinear
function f is of class C® (R) and satisfies (3.3).

In what follows ¢y, ,, £ = 0,1,2,3 denote the functionals

(6.1) o (W) =vl,, = (Io]* + Vo), ve H,
00 v(z)
o1, (1) = 1 (v) = (1/2) [V — / / £ (€) dedr, ve Y
o (v) = (1/2) V20" + (1/12) [ V30" + (5/6) (f (v), V*0)
— (5u/12) (f' (v), (VQU)Q) , ve H?:
p3 (V) = 3 (v) = [VPu+ V[ ()], v e H®.

As done in Section 3, we first establish the relation between ¢y, ,-boundedness and
norm boundedness.

Lemma 6.1. Let pn € (0,1). For each g, aq, ag > 0, there is By = [ (g, 1, 0) > 0,
independent of u, such that if v € H* and o, (v) < o, 01, (v) < a1, @a, (v) < ag, then
V20| < By and g2 V30| < B,

Proof. Let u € (0,1), ap, 1,0 > 0 and v € H? such that ¢, (v) < ag, @1, (v) < ag,
2, (V) < ap. Then, in a way similar to that used to establish Lemma 3.2, we see that
there are numbers By = (o (ap) > 0 and B, = (1 (ap, 1) > 0 such that |v| < [y and
|Vu| < ;. We further note that

(6.2) C ‘V2v|2 <(1/2) <C’2 \Vol* + ‘V3U}2> for each v € H® and C € R,.
Since ¢, (v) < g, (6.1) implies

(1/2) [V + (u/12) |VP0|”
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< s+ (5/6) (' (1), (Vo)*) + (50/12) (' (v), (V%)) .

Since |w|p= < |w|; for each w € H', it follows that there is y; = v, (g, 1) > 0 such
that |v|r~ < 7. We then define

¢ =% (', a0, n) = sup{|f" ()| |z <}
Therefore, (6.1) and (6.2) lead us to the following estimate

(1/2) | V20| + (1/12) [VP0]* < as + (5/6) € |V|* + (5/12) € | V0|
< s+ (5/6) € |Vo|® + (5/72) (9%2 Vol? + }v%f) .

Hence
(1/2) [V20]” + (u/72) |[V20* < ag + (5/24) €62 (4 + 3€)

and so Lemma 6.1 is proved. O

Since we aim to apply Theorem 2.1, we now establish the quasidissipativity of the
operators B, on level sets with respect to ¢y, k = 0,1, 2.

Lemma 6.2. Let p € (0,1). For each ag,aq,a0 > 0 there exists a number wy =
wo (g, v, (i), independent of u, such that

(6.3) ‘(BMU—BMw,v—w)L#‘ < wy v —w|
and
(6.4) ‘(Buv—Buw,v—w)hL‘ < wy v —w|

for v,w € H* with ¢, (v) < o and @, (w) < oy, k=0,1,2.

Proof. Let ap,ar,as > 0 and v,w € H® so that pr, (v) < ap and ¢, (W) < ay,

k=0,1,2. It is clear that
(B,v — B,w,v —w) (I = pA) (B — Byw),v—w)
(f () = f (w), V (v —w))

Ly —

and

(Buv — Byw,v —w), ,
— (I = ud) (Byo = Byw) v —w) — ju (I = pd) (Byw — Byw) , V2 (v — w))
=(f() = f(w),V{w—-w)+u(V(f()=f(w),V(@-w),
from which we easily get the required conclusion. O

We next prove the range condition for A, + B,,.
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Theorem 6.1. Let v € H?, ¢ > 0, and suppose that ag, a1, 0 > 0 are chosen so that
o, (V) +e < ag, p1, (V) +e < ar and €2 {|ps, (V)| +1+¢e} < ag for all p € (0,1).
Let a = a(ap,a1), b = b(ap, 1) be positive numbers as in Lemma 3.3, and let wy =
wo (o, a1, ) be a positive number as in Lemma 6.2. Then there are numbers jy =
fio (@0, i, o) > 0 and Ao = Ao (|[vl5,€), 0 < Ao < min{1,1/2a,1/wy} such that for each

w € (0,10) and each N\ € (—5\0,3\0> there exists an unique element vy, € H? which

satisfies

(6.5) Uny — A(A, + By) o, =,

and

(6.6) Pou (Uau) < o (V) +1Ae,
P (V) < @1 (V) + 1A e,
P () < (1= 1A @) " {pou (0) + A (b+1+2)},
©3 (Uau) < (1= A ) ©3.u (V) -

Proof. The proof is similar to that of Theorem 4.1. We first choose gy > 0, £ = 0,1, 2,
so that

{w € H? ¢p, (w) < ayg, k=0, 1,2} C {w € H? }ka‘ < B, k=0, 1,2}
for € (0,1), and |V3v| + 2Ly < 33, where
Lo = sup {|Bw|;w € H', |w| < By, |[Vw| < 61 }.
Denote also Ly, Ly as in the proof of Theorem 4.1 and

(6.7) My = sup {|f'(w)| e s [w] < o, [Vw| < Bi}
(6.8) Mo = sup {|f"(w)| g ; [w| < Bo, [Vw| < B}

It follows that there exists a positive number § = §(|v|3, €) such that if w € H3, jw—v| < §
and ‘V’“w| < max {ﬁk, |Vkv‘ + Lk}, k =0,1,2, then the inequalities in (4.7) are satisfied.
Define )
)\0 = min {1, 5/53, E/(2ﬁ3), 1/(4)0, 1/(2&)} s

and let also pg = po(ap, aq, an) be a positive number such that 5ugM;/6 < 1 and

apio(4 + 25M2633) /48 + 5 My B2pt (B + e *Lo) < 1,

where wy is a positive number as in Lemma 6.2.
For each \ € (—5\0, 5\0>, A #0and p € (0, ), we define a subset K, of H® by

(6.9) Ky, = {w € H [v —wl|y, < |\Bs, |ka‘ < B, k=0,1,2,3}
and an operator I'y , : K, — H?® by

(6.10) Ty,w= (I —AA,) " (v+ AB,w) for w € K, ,.

28



Let now w € K, , and write z = I'y ,w for simplicity. We see that

(6.11) z2=v+ A,z + \B,w.
Since
(6.12) [z = vlo, = |(I = pA) (z = 0)],

it follows that

|z —v|ay = A((I — pA) (2 —v), Az + Bw)
=N —=pA)v,Az) + A (I — pA) (z —v), Bw).

Hence

A(Av, (I — pA) 2) + A (I — pA) (z —v), Bw)
AMAv, (I — pA) (2 —v)) + A ([ — pA) (2 —v), Bw)
A(I —pA)(z—v),Av+ Bw),

|z — U|2,u

and by virtue of (6.12), we deduce the estimate
2 2 2 [\72 2\ /2 3
(6.13) <|z—v| + 20|V (2 = )] + p? | V2 (2 = v)| ) < A[(|V3] + Lo) < || Bs.
Since |z — vy, = |(I — pA) A,2|*, invoking Minkowski’ s inequality we obtain
(6.14) (V32| =1Auzl,,

-1
<IN (12 = vl + Bl )
< |VP0[ +2Lo < Bs.

Since |B,w| < |Bw| for w € H', the estimates ‘sz| < !Vkv| + ALy, k=0,1,2 are
obtained as in the proof of Theorem 4.1. By (5.6), (5.7) and (6.11), we see that

(z=v,2)+n(V(z—v),Vz) =A(Az+ Bw, z) .
Therefore, since (Az, z) = (Bz, z) = 0, it follows that
(2,2) + n(Vz,Vz) = (v,2) + u(Vo,Vz) + A (Bw — Bz, 2) .
In view of (4.7), we conclude that
(6.15) o, (2) < o, (V) + A€

We now prove the second inequality in (6.6). Noting that
[ r@d— [ we)em-vwe
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S |Z_U|»

/0 £ 00+ (1—0)2)df — f (w)

from (6.13) we obtain the inequality

w9 [~ [T r@acw <o~ [T [T pedear s e
and hence
(6.16) Pru (2) < @ (0) +[A e
We next show that
(6.17) 2,0 (2) < (1= IAla) " {pou (0) + A (0 + 1+ )}
The application of the Main Value Theorem implies

(f(z),sz) — (f(v),V2v) = (f(z),sz) — (f(v),VQZ) + (f(v),VQZ) — (f(v),VQU)
= (f'(w1)V?2,2 —v) — (VBv,z —v)

= ((f'(w1) = f'(2)) V?2,2 = v) + (f(2) V2,2 = v)
+ (VBw — VBuv,z —v) — (VBw,z —v),

where wy () = 60(-)z(-) + (1 — 0(-))v(-). In view of (4.23), it is easy to check that

(f'(2)V?2, 2 = v) —u (f'(2) VP2, V2 — V)
= (f'(2)V?2, \(Az + Bw))
= (=N/5) [5 (f'(2)V?2, V?2) — (f"(2) (V2)?, V2]
—(A/5) [(f"(2) (V2)?, V22) + 5 (f'(2)V?2, f(w)Vw)] .

Furthermore, from (3.4) and (6.11) we obtain
(VBw,z —v) = A (V2B,w, V?2) = (V22,V2z) — (V?2, V).
Since (VA,z, Az) = 0, this implies
M (VEBLw, VPz) = = [(V?2,V?2) — (V2,V?0)] + X (VBw, V3z) .

We are now ready to prove the estimate (6.17). By virtue of (4.23) and Lemma 3.3, we
obtain

(1= 11 0) £2,4(2) < @2,u(0) + N b+ €) + (511/12) (£/(2), (V22 = V20)°)
— (1/2) | V22 = V2| + (5p/12) <f’(v) ~ (), (v%)2)
— (1/6) | V32 — V*0|” + (1/12) |\ a [— V22" +5 (f’(z), (v%fﬂ .
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From this inequality we can easily get
(6.18)
(1= N @) £2,(2) < 92,00) + N (b4 2) + (1/12) M aw [~ [V22] + 5 (£'(2), (922)°)]
+ (5/12) A (/01 F (v + (1= 60)2)do (V*0)*, A,z + Buw) .

From (6.18) and (6.13) one may see that

1
w ‘ (/ f"(Ov+(1-0)z)do (VZU)Q JAuz + Bﬂw> ’
0
< My (9] + Lo)
< MyBapt? (B2 + ,u1/2Lo) :

Using (6.18), we obtain

5 ( F(2), (v2z)2) < 5M, |V,
<5V M, |V32‘1/2 ‘VQZ{g/Q
< (1/2) (4 V32| + 252072 \V%\S)
< V22 + 1+ 25/4M2 | V22|,
from which we get the required conclusion.
Thus it is shown that (6.13) is verified, and so I'y ,v € K),. The conclusion of this
theorem is obtained in a manner similar to that of Theorem 4.1, noting that the last

inequality in (6.5) follows from Lemma 6.2 and from relation (5.9).
[l

By virtue of Theorems 2.1 and 6.1 one obtains a result on the regularity of the groups

G, = {G, (1)t € R).

Theorem 6.2. Let pn € (0,1). Let G, = {G,(t);t € R} be the nonlinear group of
locally Lipschitz operators obtained in Theorem 5.1. In addition to the properties stated
in Theorem 5.1, we have the following

i) Gu()v e ﬂCm(R H3™) forv € H® and G, (-)v € ﬂC’m(R H*™) forv €

—0
H*. In partzcular zfv € H*, thenu (t,x) = [G, (t)v] (x) satzsﬁes equation (5.1) pointwise
on R x R.

(ii) The exponential formula localized with respect to {Yru}i_o o

G,(t)v=H*-lim (I —(t/n)(A,+ B,) "v

n—oo

holds for t € R and the convergence is uniform on each bounded subinterval of R.
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_ (ili) For each ap, 1,02 > 0 and 7 > 0, there are numbers a = a(ag, 1) > 0, b =
b(ap, a1) >0, Wy = wo (o, i, g, 7) and po = pio (o, 1, g, 7) such that:

(ii.1) @20 (G (1)0) < e (2 (0) + 1),
7

)
for w e (0, p0), t € [—7,7] and for v € H? with ¢y, (v) < ay, k=0,1,2.
(iii-2) 5 (G (8)v) < ey (v),
for € (0, o), t € [—7,7] and for v e H* with ¢, (v) < o, k=0,1,2
(iii.3) |Gy (t) v — Gy () w], < e o — |,
for € (0, p0), t € [=7,7] and for v € H* with ¢, (v) < g, k =0,1,2 and p, (w) <
ap, k=0,1,2.

We are now in position to prove the convergence theorem

Theorem 6.3. The following statements hold:
(i) (I =A(A+B)) "v=H>lim (I = \(A, + B,))™"

for v e H® and for X € R with |\ < min{)\o(]0]3,6),5\0(]0\3,5)}, where € > 0, A\g =

Ao ([vlg,€) is the number given in Theorem 2.1 and Ao = Ao (vl ,€) is the number given
in Theorem 6.1.

(ii) If v € H?, v, € H3 v, — v in H? as p — 0 and p|V3v,|> < M as p — 0 for
some M > 0, then
G(t)v:HI—lir%GM (t) v, forteR
n—

and the convergence is uniform on each bounded subinterval of R.
If in particular v € H3, then

G{t)v=H"ImG,(t)v  forteR

u—0

and the convergence is uniform on each bounded subinterval of R.

Proof. (i) Let v € H% ¢ > 0 and let A\ € R be such that |\ < min{/\o,;\o}. If we

write vy = (I = A(A+ B)) "v and vy, = (I = A(A, + B,)) v, then v, satisfies (4.1)
and vy, makes sense and satisfies (6.5) for p > 0 sufficiently small. It is obvious that
Vi (V) = @i (V2) as p— 04, for k=0, 1,2. Therefore, we see from Lemma 6.2 that

(6.19) (A + Bu) vay — (A + By) va, Uay — va)
+ 20 (V (A + By) sy — V(A + By oa, V (ua — 02))]
= [(Buoay — Buva, vap — va) + u (VBuoy, — VB, V (ua, — va))|

<@ |va, — UAE :
An easy computation yields
(620) A ((AM -+ BH) Uy — (A + B) Ux, U — Ux — ,UV2 (U)\”u - ’U,\))
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=A ((Au + Bu) U\ — (A,u + Bu) Ux,py U — U,\)
+ u(V(Au+ Bu)oa =V (Ay + Bu) vau, V (vau — v))
+one = oAl 1|V (0 = o)

Therefore, from (6.19) and (6.20) we obtain

(6.21) (1 — A @) [va, — val?
< (Au + B va = (A+ B)oal [or, — va = uV2 (0a — 03] -

Since (A, + B,)vyx — (A+ B)uvy in L? as p — 04 and @h},\#b < 00, it follows
n

that vy, — vy in L? as p — 04. Noting that |Vw| < |w|1/2|V2w|1/2 and |Vw| <
lw|'3 |V3w[*? for w € H?, we conclude that Ury — Uy In H? as p — 04. Thus assertion
(i) is proved.
We now prove (ii). If v € H?, then the H*-convergence of G, (t)v to G (t)v follows
easily. o
If v € H?, we construct {v,} C H?, v, — v as up — 0 and ,u|V3vM|2 < M for some
M > 0. Let also {vy} C H? such that vy — v as A — 0 and X|V30,|> < M for some
M; > 0. Then
|G (t) v, = G ()], <IG ) v =G () val, + ]G () va = Gu(t)val,
+ |Gu (t)va — G, (t) Uu|u
S[G () v =G () ol + G ({#)va—Gut)valy
+ ol |y, — Uul,,
if or . (va) < o, Wiy (V) < ap for each £ =0,1,2.

From the above relation it is seen that G, (t)v, — G (t)v in L? as up — 0. We also
see that

QOO,AL (G,LL (t) Uﬂ)
1 (Gu (1) vy)

P2 (G () 0) < € (92,0 (v,) + D11

and so ¢, (G, (t)v,) < i, for some 3, € R, k=0,1,2 and t € [—7,7], 7 > 0. In view of
this, there exists 8 > 0 such that |V2G,, (t)v,| < 8 for each u > 0 and ¢ € [—7,7]. Since

IV (G () v, — G (1) 0)]? < [V2G () v, — VG (£) 0] |G (£) v — G () 0]

we have that G, (t)v, — G (t)v in H' as p — 0, which finishes the proof. O
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