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1. Introduction

Rumors, the oldest form of mass media, are defined in [1] as being improvised news resulting from a process of
collective discussion. Typically, rumors spread at first between close friends or by means of other similar informal
encounters, before making their way, often reshaped or distorted, into public discourse.

Certain rumors spread faster since they are targeting deep insecurities, making people uncertain of outcomes, afraid
of consequences and distrustful of real, truthful information. For instance, there are rumors in circulation which allege
that high-speed 5G cellular technology is to blame for the rapid spread of COVID-19, that the spread of the Zika virus is
caused by genetically modified mosquitoes and that microcephaly is caused by vaccines, which, via ever-shifting alleged
mechanisms, also cause autism. Other rumors, especially popular in West Africa, allege that Ebola can be contracted from
a motorcycle helmet. The “Obama is a Muslim” rumor, built upon questions caused in part by his middle name, was a
recurrent theme of the 2008 US presidential elections and reverberated for a long time, as a 2014 poll showed that 54%
of the (Republican) subjects believed that “deep down” Obama was a Muslim.

To understand the impact of rumor spreading, it is useful to investigate the dynamical behavior of appropriate
mathematical models which are often not unlike disease propagation models. The research on rumor spreading models
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started in the 1960s. In their seminal papers [2,3], Daley and Kendall compared the difference between the basic tenets of
a model of virus transmission and those of a model of rumor spreading, proposing their classical compartmental model
of rumor spreading. This model keeps track of three compartments: ignorants, spreaders and stiflers and assumes that an
ignorant should absolutely become a spreader upon hearing a rumor, which is not always factual.

Since then, the DK model has been actively modified and expanded, leading to a more accurate account of rumor
spreading. Maki and Thompson [4] developed a model which allowed for a more nuanced interaction between ignorants,
spreaders and stiflers. Zanette [5,6] proposed a rumor propagation model on a small-world network and performed
simulations for the MT model. In 2004, Moreno et al. [7] studied the stochastic properties of the MT model on scale-
free networks by means of Monte Carlo simulations. In 2008, Kawachi [8] established global behavior patterns for rumor
propagation models that also extended the classical DK model. In 2014, Afassinou [9] considered the influence of education
rate of the population, which led to the proposal of a susceptible, educated, infected, and recovered (SEIR) rumor spread
model.

Recently, other mechanisms aiming at a fine-grained description of rumor spreading, such as forgetting mechanisms
(Zhao et al. [10]), incubation mechanisms (Al-Tuwairqi et al. [ 11]), hesitation mechanisms (Xia et al. [12]), punishment and
control by the government (Li and Ma [13], Zhao and Wang [ 14]), memory effects (Zhang and Xu [15]), different probabil-
ities for spreaders to become stiflers (Zhao et al. [ 16]), have attracted the attention of various authors. In addition, a rumor
spreading model accounting for two distinct rumors spreading simultaneously in a target population was proposed and
investigated by Wang et al. [17]. In 2017, Zhu and Wang [ 18] used a modified susceptible-infected-removed (SIR) model
to characterize the dynamics of rumor diffusion both on homogeneous networks and heterogeneous networks, taking also
variation of connectivity into consideration. In 2018, Hu et al. [ 19] established a Susceptible-Hesitating—-Affected-Resistant
(SHAR) model incorporating different attitudes towards rumor spreading. Zhu and Wang [20] investigated a rumor
diffusion model accounting for the uncertainty of human behavior, in a spatio-temporal diffusion framework. Zan [21]
studied two types of double-rumors spreading models: the DSIR (“double” SIR) model and the C-DSIR (comprehensive
DSIR) model. Recently, Horst [22] pointed out that rumor spreading agents change their activities at random points in
time, at a rate that depends on the current state of a designated neighborhood and on the average choice throughout the
entire population, making a case for the use of stochastic models to describe rumor spreading.

Rumors can destroy confidence, affect self-esteem and even ruin reputations. They may also lead to anxiety, depression,
suicidal thoughts and to a host of other issues. Rumors can alienate friends and lead to ostracization and other forms of
relational aggression. On a societal level, the rise and ubiquity of social media led to an increase in the exposure of users
to unsubstantiated rumors, fake news, defined as fabricated information that mimics news media content in form but not
in organizational process or intent (Lazer et al. [23]), extremely biased news, conspiracy theories and to other forms of
misinformation, which became more and more pervasive. In online social media, social-cognitive biases such as selective
exposure and confirmation bias helped the emergence of echo chamber-like communities consisting of opinionated, like-
minded (or perhaps hive-minded) users sharing similar beliefs about polarizing topics and avoiding communication with
those who have opposite views. These communities are prone to spreading information aligning with these beliefs in
sharing cascades, without a substantive veracity check (Wang et al. [24], Bovet and Makse [25], Liu et al. [26]). By analyzing
a dataset of tweets collected during the 5 months preceding the US 2016 presidential elections, Bovet and Makse [25]
found that 25% of these tweets spread either fake or extremely biased news. Also, it has been determined in Del Vicario
et al. [27] that, for two distinct types of online communities, homogeneity and polarization are the main determinants
for predicting the sizes of sharing cascades.

One of important responsibilities of any governmental body is then to put in place effective measures to control the
spread of rumors, thereby containing and minimizing any harm they may cause. However, inhibiting and clarifying all
sorts of ubiquitous rumors on social networks is often a long-term process, requiring a stable, sustained budget input.
In our model of rumor spreading, we attempt to introduce two spread inhibiting and attitude adjusting mechanisms,
which depend only upon governmental input, acting towards reducing rumor spreading from spreaders to newcomers and
changing the attitude of spreaders, respectively. We then discuss the effects of the qualitative properties of the inhibiting
and adjusting functions, respectively, upon rumor spreading, with a view towards contributing to a better understanding
of the mechanisms of rumor spreading and providing the governmental bodies and the public with significant insights
for rumor control.

This paper is organized as follows. In Section 2, we introduce a deterministic model for rumor spreading which
accounts for two inhibiting and adjusting mechanisms. In Section 3, the stability properties of the deterministic model
are characterized in terms of a basic influence number, viewed as a threshold parameter. In Section 4, we propose the
corresponding stochastic model and discuss its asymptotic behavior around the equilibria of the deterministic system. In
Section 5, we illustrate, support and enhance our results via numerical simulations. Several concluding remarks are given
in Section 6.

2. The deterministic model

It is well known that an undirected graph G = (V, E), where V represents a set of nodes and E represents a set of sides,
can be obtained from a social network consisting of N individuals if the individuals and the contacts between them are
considered as nodes and sides, respectively. The size of the total population which is subject to mechanisms for rumor
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Fig. 1. Structure of the model with inhibiting mechanisms for the rumor spreading process.

control is understood to be variable and is denoted at time ¢ by N(t). This population is subdivided into three categories:
newcomer (S), spreader (I) and stifler (R). Upon hearing a rumor, the newcomer, who has no previous information about
that rumor, may subsequently display two different attitudes. Specifically, certain individuals will choose not to spread
the rumor or not to believe it (stiflers), while other individuals will actively spread it (spreaders). After a newcomer hears
the rumor through the contact with a spreader at a rate «, it then has two possible choices: to become a spreader with
probability 61, or to become a stifler with probability 1 — ;. Once a rumor spreads in a social network, the government
then has the authority to use inhibiting and adjusting mechanisms, whose strength and resources are quantified through
the use of the inhibitor variable U, to contain the various damages caused by the rumors.

The movement of individuals from one class to another, given in Fig. 1, is supposed to be unidirectional, which means
the flowchart is irreversible. We assume that the flow into the newcomer class is constant and denoted by A and denote
the constant leaving rate of each non-inhibitor compartment by u. The constant I" represents the allotted budgeting
rate by the government for adjusting and inhibiting mechanisms and e is the decay rate of those mechanisms. At any
time, certain spreaders adjust their attitude towards spreading rumors as a result of the constant governmental work to
improve the mechanisms for clarifying and inhibiting rumors, thereby becoming stiflers at a rate g(U).

For the sake of simplicity, we consider only rumors spreading through human contacts, rather than rumors spreading
through the media, which motivate our use of an augmented SIR-like model. We now introduce our mathematical model,
which involves different attitudes towards rumors and two distinct mechanisms for rumor control, in the following form

ds -

== = A — akSIf(U) — us,

o akSIf(U) — u

di -

= 01akSIf(U) — g(U)I — ul,

du sIU .
_— = F — eU - =

dt K+U

dR _-

= (1 — 61)akSIf(U) + g(U)I — uR.

Here, the functions f and g stand for the effects of rumor control mechanisms upon attenuating rumor spreading to
newcomers and changing the attitudes of spreaders, respectively. Also, k(> 2) denotes the average degree of the network.
The constants § and K quantify the usage of the inhibitor, § being the maximal uptake rate of I and K being a half-
saturation parameter. The resulting uptake rate of the inhibitor 1<5+7UU is increasing (the more the inhibitor is available, the
higher the uptake rate is) and saturates for large U. Assume that the C! function f : [0, c0) — R satisfies

(£i) f(U) > 0,f(0) = 1;
(f.ii) f is non-increasing on [0, co).

Assumption (f.i) represents the fact that the interaction between newcomers and spreaders leads to a decrease in the
number of newcomers, some of them becoming either spreaders of stiflers, and that the function f is normalized (f(0) = 1
means that the mechanisms for the inhibition of rumor spreading are not active), the strength of the interaction between
newcomers and spreaders being also quantified through the use of the parameter «. In fact, f(0) = 1 is a modeling
assumption (a description of the control mechanism), which is not actually needed for any of our proofs. Assumption
(f.ii) describes that the attempts to control rumor spreading do not backfire (more of the inhibitor U leads to less rumor
spreading). Also, the C' function g : [0, co) — R satisfies

(gi) g(U)>0;

(g.ii) g is non-decreasing on [0, c0);
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(giii) limy_ g(U) < g.

Assumption (g.i) represent the fact that the use of rumor control mechanisms does indeed change the attitude of
spreaders, while assumption (g.ii) signifies that the attempts to adjust attitudes do not backfire either (more of the
inhibitor U leads to more spreaders changing their attitudes). Assumption (g.iii) describes the fact that the attitude
adjustment mechanisms eventually saturate. Let us also assume that

(fg.i) fg + wuf is non-decreasing on [0, co).

While assumptions (f.i-ii) and (g.i-iii) stem from social considerations, the motivation for assumption (fg.i) is purely
mathematical, as it is employed only to ensure the local stability of the rumor-prevailing equilibrium. If f = 1, then (fg.i)
is trivially satisfied, since it reduces just to g being non-decreasing on [0, co) (that is, to (g.ii)).

Remark 2.1. Anuexample of a function f modeling the inhibiting mechanisms, which satisfies assumptions (f.i) and (f.ii)
is f(U) = A;Bf; ,A > 0,B > 0, while an example of a function g modeling the adjusting mechanisms which satisfy
AU

assumptions (g.i-iii) is g(U) = 7+0 A B > 0. However, there are many other possible examples, as the assumptions have

been kept to a minimum. Further efforts should go into determining more specific forms or sets of assumptions for each
function, which will allow us to further refine and analyze our stability results.

Remark 2.2. We view U as a variable “proxying” (sort of) the rumor control. That is, U can model the resources of an
organization mandated by the government to deal with rumor control (but we do not want to limit ourselves just to
this interpretation). There is a (constant) growth of resources due to government budgeting, an uptake of resource in
which each subject (spreader) is allotted (in average) an amount of resources which increases as more resources become
available and a decay of resource (interpretable, for instance, as administrative costs).

3. A qualitative analysis of the deterministic model
3.1. The positive invariance

Having in view the social significance of the variables, we are interested only in solutions that are nonnegative and
bounded. It can be easily proved that the solutions of the system (1) which start with nonnegative initial data, that is,
with

5(0) > 0, 1(0) > 0, U(0) > 0, R(0)>0
stay nonnegative for all t > 0. From (1), we see that
dN(t) dS(t)  di(t)  dR(t)

— = ——4+ —+ —— = A — uN(t),
dt a Ca T a uN(E)
which implies that
A A
N = (Mo - ) e 2
" "
for all t > 0, which ensures the boundedness of S, I and R. Also,
du(t) <o.
dt -y

Hence, U is bounded as well and a positively invariant set of (1) is

A r
.Q:{(S, I, U, R)eR4:0§S+I+R§andO§U§}.
nw e

3.2. The basic influence number

It is easy to see that the system (1) has a rumor-free equilibrium Eo, given by

A r
Eo = (*, 0, —, 0).
u e

To discuss the dynamics of the model via an approach which has been proven highly successful in Mathematical
Epidemiology and to rearrange the system (1) to fit the framework of the next generation method laid out in [28], let us
first notice that I and R are “infected-like” compartments, while S and U are “noninfected-like” compartments.
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Let us denote X = (I, R), Y = (S, U)" and o = &k. Then the system (1) can be rearranged as

dX
— =FX,Y)—-V(X,Y),
i (X,Y)—=V(X,Y)
dy
— =h(X,Y
i X,Y)

in which

61aSIf(U) (U)+ w)
F(X’Y)=( 0 ) V(X’Y)z( ~(1— 60)aSIf(U) — g(U)I + uR )

We thereby obtain that

Agc
F:DF|50:<91a%f(e) 8)

and
g(5)+u 0
V =DV|g,= ¢ .
Vle (—(1—9l)a,ﬁf(£)—g(§) u)

Hence, a threshold parameter for the stability of the system (1), called ad hoc the basic influence number of the system

(1), is the spectral radius of matrix FV~1, given by
_ GaAf(L)
gLy + )

(2)

Remark 3.1. Note that, in the above fraction, the numerator is an non-increasing function of I" due to (f.ii), while the
denominator is an increasing function of I", due to (g.ii). As a result, Rq is a non-increasing function of I", which leads to
the conclusion that the higher the allotted budgeting rate for the rumor control mechanisms I" is, the lower the average

influence of a spreader in a totally susceptible population Ry becomes.
3.3. The existence of a positive equilibrium

To investigate the possible existence of a positive (or rumor-prevailing) equilibrium E*,
E* = (8%, I, U, R),
let us first observe that the equilibrium relations take the form
A — uS* —aS*I*f(U*) =0,
O1aS*I"f(U*) — g(U")I* — ul* = 0,
. U
I —eU*— — =0,
K+ U*
(1 — 01)aS* I f(U*) + g(U*)I* — uR* = 0.

By straightforward algebraic manipulations, one sees that
A (U +w)

S* - _ 71*’
122 O
= (I' —eU*)(K + U*)
- sU* ’
R — (1 —=01)aS*I*f(U*) + g(U™)I*
"

Substituting the explicit formulas in terms of U* given by (4) into the second equation of (3), one sees that

r _ * *
Rﬁ 8(g)+ i a(l" —eU™)K +U") FU = 1.
D) g+ p PEE

e

Let us define a continuous function 7 by

r _
Ro 8(5)+u1 ol —eU)K + U))f(U).

(LyeU)+ udu

e

: (0, R, U) =
7 :(0,00) > (U) (f

5
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Since limy_, o+ 7(U) = —o0 and r(%) = Ry, there is a solution U* of (5), not necessarily unique, provided that Ry > 1.
This, in turn, leads to the existence of (at least) one rumor-prevailing equilibrium E*.

The uniqueness of U* (or, equivalently, of the positive equilibrium E*) depends on the concrete forms of f and g and
may or may not hold for arbitrary functions. However, it is easy to note that t/(U) > 0 for U € (0, %) ensures both the
uniqueness of E* when Rg > 1 and its nonexistence when Ry < 1.

3.4. The stability of the equilibria
Theorem 3.2. The rumor-free equilibrium Ey = (A o, L, 0) is locally asymptotically stable provided that Ry < 1.

w’ e

Proof. The Jacobian matrix of the system (1) at Eg is

- —a4f(5) 0 0
0 6df(5)—g(f)—n 0 0
J(Ey) = Talted T (6)
0 T TteK —e 0
0 (1-6aif(P)+e(5) 0 —p
We observe that J(Ep) has three negative eigenvalues A1, = —u, A3 = —e, the remaining eigenvalue A4 being given by

ra=oa Dy — gDy = (g(£)+u> (Ro— 1),
woe e e

Since Ry < 1, one sees that A4, < 0 and consequently Eq is locally asymptotically stable. Note also that Eq is unstable if
Ro > 1. This completes the proof. O

Via similar computations, it is seen that the Jacobian matrix of the system (1) at E* has a negative eigenvalue A = —pu,
the other three eigenvalues being the roots of the equation
A+ap ap a3
a1 A azs =0, (7)
0 asy A+ ass
where
U* + ! *
a; = Otl*f(U*)+/L, a;p = g%, a3 = ocS*I*f (U ),
1
az1 = —01al*f(U*), a3 = —6;aS*I*f'(U*) — I"g'(U*),
G — SU* dm=ed SKI*
2T kyrue BT kru
Note that
gUN+p ., /
ayp = —01a=——=I"f'(U*) — I"g'(U")
Orof (U*)
I* 14 *
D [8(U*)f'(U*) + g (U (U*) + uf (U]
I*
— /
- f(U*) (fg + /“Lf) ’U(t):U*

and consequently a,3 < 0, by assumption (fg.i). This implies that
A+ cr?+ch 403 =0,
where
€1 =ay1 +asz > 0,
C2 =011033 — A1p0y1 — 303 > 0,
€3 =01302103; — 11023033 — A12021033 > 0.
Applying the Routh-Hurwitz criterion, the remaining eigenvalues are negative or have negative real part if and only if
C1Cy > C3.
However, it is obvious that
€16 — 3 = 0%1033 + ana§3 — A11012021 — (23032033 — 1302103 > 0.

Hence, one obtains the following result.
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Theorem 3.3. If Ry > 1, then the rumor-free equilibrium Ey is unstable and there is at least one rumor-prevailing equilibrium
E* = (S8*, I*, U*, R*), which is necessarily locally asymptotically stable.

Remark 3.4. Note that, in some sense, assumption (fg.i) is not necessarily optimal, since it ensures that each of the three
terms (the sign in front of them being included) involved in the expressions of ¢, and c3 are positive, condition which is
strictly stronger than their sum being positive. Consequently, E* may be locally asymptotically stable even if (fg.i) is not
satisfied.

Remark 3.5. From Theorems 3.2 and 3.3, it is seen that Rg is indeed a threshold parameter as far as the stability of the
model (1) is concerned, separating the extinction of the rumor from its prevailment. Let us denote lim,_,  f(x) = f. If

Ora Af > (g + p),

(which happens, for instance, if the newcomers recruitment rate A or the percentage of newcomers who become spreaders
¢ are too high, or if the maximal attitude adjustment rate g is too low, or the maximal transmission attenuation rate f
is still too high), then

Q]OtAf
0= ————
w(g + )
which leads to the (perhaps unpleasant) conclusion that the rumor will persist regardless of the budget devoted to rumor
control. However, it can also be seen that, in such a situation, efforts to improve any of the mechanisms (lowering f or

increasing g) can bring back Ry below 1 and ensure the success of rumor control.
Also, at the opposite end of the spectrum, if

> 1, (8)

O A < ,uz

(which happens, for instance, when the newcomers are generally not inclined to become spreaders or the recruitment
rate of newcomers is low), then

91(){A

Ro <

1, (9)

<
and the rumor will disappear on its own, no budget for rumor control measures being necessary.

Remark 3.6. Let us think for the moment of Rg as a function of I, Ry = Ro(I"), and suppose that

01 A Oha Af
> 1, - <1,
wu(g(0) + ) w(E + )

that is,

limRo(I") > 1, lim Ro(I") < 1.
rlo '—o0

Let us also suppose that at least one of the functions f, g is strictly monotonic, which leads to Ro(/") being strictly
decreasing. In this situation, there is a unique I'. which solves the equation Ro(I") = 1. This I can be thought as a
sharp lower bound for the least amount of funding necessary to extinguish the rumor. However, the equation Ro(I") = 1
might be transcendental (and it is, in our examples, where f contains an exponential and g is a rational function), and
consequently I can sometimes be only approximated, not determined explicitly. Also, there is the caveat that I > I
guarantees the elimination of the rumor only in the long term, which may or may not be acceptable in a social setting,
for which time is also a concern.

4. The stochastic model

Since the dynamics of R does not affect the spread of rumors directly, we can discard the growth equation of stiflers
and then examine the effect of external perturbations occurring in the growth equations of newcomers, spreaders and
of the government control mechanisms. We then employ the following stochastic model, derived from its deterministic
counterpart (1), to incorporate the effect of randomly fluctuating environments

dS = (A — aSIf(U) — uS) dt + o1SdW,(t),

dl = (61aSIf(U) — g(U) — pl) dt + oxldWs(t), 10)

slu
dUu =TI —eU — —— | dt + o3UdWs(t).
( KT U) 3 3(t)
Here, W; (i = 1, 2, 3) are mutually independent standard Brownian motions defined over a complete probability space
(£2, F, F¢, P) with a filtration {F;};>o satisfying the usual conditions (that is, it is right continuous and increasing, while

7
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{Fo} contains all P-null sets). In the above, Uiz > 0 represent the intensities of W;, i = 1, 2, 3.If a, b € R, we shall denote
max(a, b) by a v b and min(a, b) by a A b, while a.s. will be used as a shorthand for almost surely. We shall denote the
indicator function of a set S by Is. Also, for easier reference, we shall call “(1)” the model which is obtained from the
initial deterministic model (1) by discarding the growth equation for stiflers.

Definition 4.1. Consider the n-dimensional stochastic differential equations
du(t) = A(t, u)dt + B(t, u)dW(t), fort > t,. (11)

Let V(t, u) € C'? be a nonnegative continuously differentiable function, once with respect to t and twice with respect to
u. Then the differential operator L for the function V(t, u) corresponding to the stochastic differential Eqs. (11) with drift
and diffusion coefficients A(t, u) and B(t, u), respectively, is given by

av(t, u av(t, u 1 2V(t, u
_ W w (t. u) PT ( 5]

LV(t, u) = AT —trace
( ) + ou + 2 02u

4.1. Existence of a unique global solution

Denote
Ri = {(X],X2,X3)|Xi >0, i=1,2, 3}

We observe that the stochastically perturbed system (10) is mathematically (and socially) well-posed, as it has a unique
global solution which is positivity-preserving.

Theorem 4.2. For any initial value (S(0),1(0), U(0)) € R3, there exists a unique global solution (S(t),I(t), U(t)) of the
system (10) for t > 0 that will remain in Ri with probability 1.

The proof of this Theorem can be found in Appendix. We can now further discuss the behavior of these solutions by
investigating the dynamics of the stochastic model (10) around the equilibria of the corresponding deterministic, reduced
model (1).

4.2. Asymptotic behavior around the rumor-free equilibrium of the deterministic model

As mentioned in the previous section, the deterministic system (1) has a rumor-free equilibrium Ey = (ﬁ, 0, % 0),
which is locally asymptotically stable provided that Ry < 1. However, for the stochastic system (10), Eq is no longer
the rumor-free equilibrium, due to the stochastic perturbations, which implies that the solutions cannot converge to Ey.
In this section, we shall investigate the asymptotic behavior of the stochastic system (10) around E; = (ﬁ, 0, %), the
corresponding equilibrium of (1)'.

Theorem 4.3. If

2u? r
— T f( - )
(8+2u)g(g)+n) e
and the following conditions hold

2 2 2
oy <M, 05 <2u, o3 <e,

R0<

then for any given initial value (S(0), 1(0), U(0)) € R3, the unique global solution (S(t), I(t), U(t)) of the system (10) satisfies

¢ 0202( 42 4 c,02(L )2
lim sup 15/ [(5(5)— AV 4 125) + (UGs) — F)z] as < ) Hantel
t—+o00 0 1% e K
in which
K = min{@f(u — 012), w— %ozz, c(e — 032)}
and
. __@+2Ef)+m . 242 P
’ adf(D)T R O EID A A

The proof of this Theorem can be found in Appendix. As seen from Theorem 4.3, if the value of the basic reproduction
number Rg is not too high and the intensities of the stochastic perturbations 012, 022, 032 are low, then the solutions of
the stochastic model (10) will oscillate around the rumor-free equilibrium of the deterministic model (1). That is, if
the spreaders are not very convincing and the strength of the stochastic perturbations is limited, then the solutions of
the stochastic model (10) will still be close enough to the rumor-free equilibrium, most of the time. Note that, strictly

speaking, Theorem 4.3 does not require that Ry < 1.
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4.3. Asymptotic behavior around the rumor-prevailing equilibrium of the deterministic model

In this subsection, we assume that Ry > 1, which implies that the deterministic system (1) has a (not necessarily
unique) rumor-prevailing equilibrium E* = (S*, I*, U*, R*), which is locally asymptotically stable. However, E* is not a
rumor-prevailing equilibrium for the stochastic system (10) anymore, due to the stochastic perturbations. We shall then
investigate the asymptotic behavior of the system (10) around E*.

Theorem 4.4. If Ry > 1 and the following conditions hold

(C1) 012 <u-— % |:g(U*) + C3<A +ot(1 —f(U*)))];

(€2) 07 < p— (14 61)g(U*) — (6:5* +1*)(& — g(U*)) — c38(U*) — csbr[ 1 — f(U*)] — 8U*;

(C3) o <e(1+U*)—T,

then for any given initial value (S(0), 1(0), U(0)) € R3, the unique global solution (S(t), I(t), U(t)) of the system (10) satisfies

1. [t )

lim sup —E / [(565) =) + (165) = 1)) + () — U")* [ s = =,

0

t—>400 L o

in which

2 2 2 1
O =0:g(U*)(S* +1') + 2g(U*)N* + [(915* +1")(g —g(U*))](2 +1*)

1 _
+ (020257 + 621) + ¢3g(U”) (5 + 1*2> +c3(g —gUM)rr

. 1
n ECE}I*O-ZZ + C3910[(1 _f(U*)) (5*2 + 1*2) —+ C39]A (S*z + 25*2>

sru*

27152
U
+ o3 +K~|—U*

U*2—|—1 +3U*(1*2+ 1)
2 27

p =min { =071 + 61g(U*) + 0107 + c361a(1 — f(U*)) + c361 4,
— 4 (1461)g(U*) + (6:5* + )& — g(U*)) + c38(U*) + 03
+ c3bha[1—f(US)] +8U*, T —e(1+U*) + 03 }
and
_&U")+2u
3="——
af (U*)

The proof of this Theorem can be found in Appendix. In a similar vein to what was already observed above, Theorem 4.4
establishes that if the deterministic model (1) has a rumor-prevailing equilibrium and the intensities of the stochastic
perturbations 012, 022, 032 are low, then the solutions of the stochastic model (10) will oscillate around the rumor-prevailing

equilibrium of the deterministic model (1). That is, if the strength of the stochastic perturbations is limited, then the
solutions of the stochastic model (10) will still be close enough to the rumor-prevailing equilibrium, most of the time.

Remark 4.5. Conditions (C1)-(C3) have a theoretical value only, as they cannot be verified a priori (i.e., they explicitly
depend upon the coordinates of the rumor-prevailing equilibrium, for which explicit expressions are not available).
However, they take a somewhat simpler form if f = 1 (the mechanisms for the inhibition of rumor spreading are not
active).

5. Numerical simulations

In this section, we shall perform several numerical simulations in order to illustrate and enhance our modeling
considerations as well as the abstract findings presented in the previous sections.

5.1. The simulation of deterministic rumor spreading process

For our numerical simulations, we employ a number of parameter values taken from the available literature and
estimate several others, as shown in Table 1. 780624 780624

We first choose f(U) = 0.5(1+e7Y), g(U) = %w) and pu = 0.25, so that fg + uf is an increasing function, as shown in
Fig. 2. Fig. 3 illustrates the bilinear dependence o_é the basic influence number Ry upon the rate of flow into the newcomer
class A and upon the average contact rate « = k& , the other parameters being fixed (I" = 1 and e = 0.5).

9
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Table 1
Parameters and their values.
Parameter Value Source
A 2-6 [19,29]
a 10°-0.6 [19,29,30]
i 0.25 [19]
0, 0.2 [19]
fu) 0.5(1+¢7Y) estimated
g(U) 0.2:% estimated
r 0.5-1.5 estimated
e 10-°-1 estimated
8 0.5 estimated
K 1 estimated
0.1 .
0.08 - i
=)
+0.06 i
by
2
2
=) 0.04 b
=
0.02 i
0 L L L L
0 20 40 60 80

U

Fig. 2. The graph of f(U)g(U) + uf(U).

The basic influence number R0

25 3 3.5 4

A

4.5

5.5

100

Physica A 562 (2021) 125321

Fig. 3. The basic influence number. A € [2, 6], « € [0.05, 0.3], the values of the other parameters being given in Table 1.

As seen from the expression of Ry given by (2), the parameters A, «, I" and e play a vital role for rumor spreading
analysis, and so do the explicit forms of f and g. In what follows, we establish the contributions of the variances of A, «, I"

10
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07387

H First order indices
" Total-effect indices

o

-4

Sobol index,

02275

02 0.1628

00938

00543
00359
00182

r e

Fig. 4. First-order and total-effect Sobol sensitivities of the basic influence number Ry with respect to input parameters (A, «, I" and e). We use
4000 sample points, A € [2,6], @ € [107°,0.6], I" € [0.5, 1.5] and e € [107>, 1], the values of the other parameters being given in Table Table 1.
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Fig. 5. Mean values of the basic influence number Ry for random values of (a) I" € (0.5, 1.5), (b) e € (0, 1), (c) K; € (0, 1) and (d) K, € (0.5, 1.5).
Here, f(u) = Ki(1+e7") and g(u) = Ig'fr”u. For each input parameter, 100 sample points are randomly picked. Black circles represent random values
of Ry, while red circles represent mean values of Ry.

and e to the variance of Ry, as shown in Fig. 4. To this purpose, we use the Sobol method (Sobol [31], Dimitriu et al. [32]),
which is a model-independent approach to performing global sensitivity analysis based on variance decomposition. By
analyzing the first-order and the total-effect sensitivity indices, it is seen that the variance of « provides the main
contribution to the variance of Ro.

Fig. 5 depicts mean values of the basic influence number R, for random values of parameters. Here, f(u) = K;(14+e7")

and g(u) = ,?'i”u, while I € (0.5,1.5),e € (0,1), K; € (0,1) and K; € (0.5, 1.5), respectively. Obviously, as shown in
Fig. 5(c), as f fthat is, K1, for our example of f) increases, so does the mean value of Rq. For other randomly selected input

11
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Fig. 6. The evolution of the newcomer population, of the spreader population and of the inhibitor for a low initial density of spreaders. Here,
S(0)=3,1(0)=0.5 U(0)=1, (A, &) € {(3,0.1),(3.5,0.15), (4, 0.2)}, the values of the other parameters being given in Table 1. The corresponding
values of Ry are 0.37, 0.61 and 0.91, respectively.

parameters, the mean value of Ry oscillates up and down around 1, as shown in Fig. 5(a), (b) and (d), illustrating the
influences of I', e and K5, respectively.

Fig. 6 illustrates the evolution of the total densities of newcomers, spreaders and of the inhibitor for the following
parameter values: (A, @) = (3, 0.1), or (3.5, 0.15), or (4, 0.2), the other parameter values being given in Table 1.

According to Theorem 3.2, a rumor outbreak does not occur when Ry < 1. As observed from Figs. 6 and 7, the
density of spreaders declines to zero, which implies that the rumor dies out. For a low initial density of spreaders,
(Fig. 6), the densities of newcomers and of the inhibitor, respectively, steadily increase until they reach their respective
equilibrium states. However, for a high initial density of spreaders, (Fig. 7), the densities of newcomers and of the inhibitor,
respectively, sharply descend at first and then increase to their respective equilibrium states.

Fig. 8 shows different rumor propagation outcomes for different initial conditions, with S(0) ranging from 2 to 20, I(0)
changing from 0.5 to 5, and I(0) varying from 1 to 10. The system no longer has a rumor-prevailing equilibrium and the
rumor-free equilibrium is stable, which is in agreement with the results of our analysis.

To illustrate the existence, uniqueness and stability of the rumor-prevailing equilibrium, we choose A = 5.8 and
o = 0.28, the other parameter values being given in Table 1. We then determine the unique rumor-prevailing equilibrium
as having coordinates (9.123, 2.012, 0.996), and being stable, as shown in Fig. 9. This validates our theoretical result given
in Theorem 3.3.

In Fig. 10, we use the pairs (I", ) employed above, that is, (I, «) = (5.8,0.28) and (I", @) = (4, 0.2), along with
f(U) = 0.3(1 4+ e7Y), to illustrate that a different value of f(0) not satisfying the normalizing condition f(0) = 1 in the
assumption (f.i) does not influence the local asymptotic stability of Eq and E*.

5.2. The simulation of stochastic rumor spreading process

To illustrate the asymptotic behavior of the solutions of the stochastic system around the rumor-free equilibrium, we
choose A = 2, o = 0.1, the values of the other parameters being given in Table 1. It is then seen that
2

I _ f(Ey 2 02644,
(E+2u)glz)+u) e
Also, let o1 = 0.2, 0, = 0.5, 03 = 0.6 and note that 07 = 0.04 < u = 0.25, 07 = 0.25 <21 = 0.5, 07 = 0.36 < e = 0.5,
the hypotheses of Theorem 4.3 being satisfied.

Figs. 11 and 12 illustrate the time evolution of the total densities of each group (newcomers, spreaders and inhibitors) in
the stochastic rumor spreading model for different initial conditions. To illustrate the asymptotic behavior of the solutions
of the stochastic system around the rumor-prevailing equilibrium of the deterministic model, we set f(U) = 1, A = 2,
a=10,u=05e=12,0,=05§86=05T=1,K=1and glU) = % For these values, it is seen that Ry = 36.67.
We also choose o1 = 0.1, 0, = 0.2 and o3 = 0.4, for which conditions (C1) — (C3) are satisfied. Fig. 13 illustrates the
asymptotic dynamics of the total densities of three groups (newcomer, spreader and inhibitor) in the stochastic rumor
spreading model for different initial conditions.

Ro = 0.2369 <

12
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Fig. 7. The evolution of the newcomer population, of the spreader population and of the inhibitor for a high initial density of spreaders. Here,
S(0) =20, I(0) = 10, U(0) = 1, A = 4, « = 0.2, the values of the other parameters being given in Table 1, which leads to Ry = 0.91.

10 —
=1
9 2
=3
8 4
7 25
e 5
5, —9
10
4 |
3 -
2 |
20"
15 1 0
10 3 2
5 4
s() 0 s It

Fig. 8. The evolution of the newcomer population, of the spreader population and of the inhibitor for A = 3, « = 0.1, which leads to Ry = 0.37,
and for several distinct initial conditions. The solutions converge to the rumor-free equilibrium, with coordinates (12, 0, 2).

6. Conclusions

By extending the traditional DK rumor model to account for the effects of the attitude adjusting and spread inhibiting

mechanisms depending upon governmental input, we propose deterministic and stochastic models, respectively, to
discuss the control of rumor spreading on social networks. Although our starting deterministic model can be characterized
as being an augmented SIR model, the use of a fourth variable, the inhibitor, which can be thought as being budget-related
rather than having an epidemiological significance, transcends, in some sense, the epidemiological framework. Also, the
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:12\ — S(0) = 13.5, I(0) = 2.7, U(0) = 1.8
= $(0) = 15, 1(0) = 3, U(0) = 2
1 o (9.123,2.012,0.996 )
0.8 |
0.6
0.4
0o 35
2 4 A 2 25 3
8 10 ” p 15
S ® 487 o 05 It

Fig. 9. The evolution of the newcomer population, of the spreader population and of the inhibitor for A = 5.8, @ = 0.28, which leads to Ry = 1.93,
and for several distinct initial conditions. The solutions converge to the (unique) rumor-prevailing equilibrium, with coordinates (9.123, 2.012, 0.996).

25 0.7 22

= —
el ¥ 4 1. 4
@n = =Y 2
10 q 1F q
0.8 q
5 q 0.6 q
0.4} ~
0 . . . . 0.1 . . . . 0.2 . . . .
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
Time t Time t Time t

Fig. 10. A numerical example illustrating the fact that a different value of f(0) not satisfying the normalizing condition f(0) = 1 in the assumption
(£.i) does not influence the local asymptotic stability of Ey and E*. Here, f(U) = 0.3(1+¢7Y), S(0) = 1.5, I(0) = 0.3, U(0) = 0.2 and (A, a) = (4, 0.2)
(green, Ry = 0.5687), (A, o) = (5.8, 0.28) (red, Ry = 1.1544), the values of the other parameters being given in Table 1.

use of the possibly nonlinear attitude changing function g makes the coupling between the equations of the model slightly
more involved. For those reasons, we have been unable to obtain global stability results.

First of all, we find an explicit expression for our threshold parameter, the basic influence number Ry, and then
investigate the stability of rumor-free and rumor-prevailing equilibria, respectively, of the deterministic model, in terms
of Ry, being also observed that Rq is a non-increasing function of the budgeting rate I, that is, the higher the budgeting
rate is, the lower the average influence of a spreader in a totally susceptible population becomes. Depending upon the
interplay of the parameters of the model, it is observed that, in certain situations, the rumor will persist regardless of the
budget allotted to rumor control, while in others the rumor will disappear by itself even without exterior intervention,
no budget for rumor control measures being necessary. For all the other situations in-between, a sharp lower bound for
the amount of funding I, necessary to make the rumor go away, is determined.

Second, to account for the effect of random external fluctuations, we augment our model by considering stochastic
perturbation of white noise type. Here, the stability properties obtained in the deterministic case are replaced by
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—— 5(0) = 1.5, 7(0) = 0.3, U(0) = 0.2
—— 5(0) = 3, I(0) = 0.6, U(0) = 0.4
2.5 — 5(0) = 4.5, 7(0) = 0.9, U(0) = 0.6
— S(0) = 6, 7(0) = 1.2, U(0) = 0.8
— S (0) , 7(0) = 1.5, U(0) = 1
5(0) 0) = 1.8, U(0) = 1.2
2 — 5(0) .5, I(0) = 2.1, U(0) = 1.4

—— 5(0) = 12, 7(0) = 2.4, U(0) = 1.6
= 13.5, I(0) = 2.7, U(0) = 1.8

15, 7(0) = 3, U(0) = 2
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10 —_— e

s@® 15 © 1(t)

Fig. 11. Sample paths for the stochastic process (S(t), I(t), U(t)) of the stochastic model (10) that fluctuate about the steady state E,, for different
initial conditions. The parameter values are as used for Fig. 8, except for noise intensities o1 = 0.2, 0, = 0.5, 05 = 0.6 and the rate of input flow
of newcomers I" = 2.
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Fig. 12. Plane projections of Fig. 11. The newcomer population S persists, while the spreader population I is driven to extinction.

estimations in terms of expected values. It is proved that if the spreaders are not very convincing (Rg is low enough)
and the strength of the stochastic perturbations is limited, then the solutions of the stochastic model will still be close
enough to the rumor-free equilibrium, most of the time.

It is also proved that if the deterministic model has at least one rumor-prevailing equilibrium (Ry > 1) and, similarly
to the above, the strength of the stochastic perturbations is limited, then the solutions of the stochastic model will still be
close enough to this rumor-prevailing equilibrium, most of the time. However, a shortcoming of the necessary conditions
in this case is that they are expressed in terms of the coordinates of the rumor-prevailing equilibrium, for which explicit
expressions are not available (i.e., they cannot be verified a priori). Still, this is also not unexpected, since there can be
multiple rumor-prevailing equilibria in this case, as condition Ry > 1 does not ensure uniqueness, and it is then natural
for a generic condition to depends somehow on the equilibrium it refers to.
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——1(0) = 0.05, L(0) = 0.1, S(0) = 0.2
——1(0) = 0.1, L(0) = 0.2, S(0) = 0.4
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——1(0) = 0.2, L(0) = 0.4, S(0) = 0.8
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Fig. 13. Increasing « to 10 and slightly decreasing noise intensities o;(i = 1, 2, 3) while keeping all of other parameter values the same as for Fig. 11
leads to the persistence of both the newcomer population S and spreader population I for several distinct initial conditions.

In order to complement our analysis, numerical simulations are performed to illustrate and enhance our mathematical
findings. To establish the contributions of the variances of the parameters to the variance of Ry, a Sobol sensitivity analysis
has been performed. By analyzing the first-order and the total-effect sensitivity indices, it is seen that the variance of «,
the “normalized” contact rate between newcomers and spreaders, provides the main contribution to the variance of Rq.
Further, the evolution of the newcomer population, of the spreader population and of the inhibitor are depicted for both
how and high initial densities of spreaders. This study does not consider the influence of the network structure on rumor
spreading, which is left as a possible avenue of further research.
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Appendix

Proof of Theorem 4.2. Since all functional coefficients of the model (10) satisfy local Lipschitz conditions, this system
has a unique local solution on [0, t.), where t, is the explosion time. To show that this unique solution is global, we prove
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that t. = +o0 a.s. In fact, choose my > large enough such that S(0), I(0), U(0) all belong to (mio, mg). For each integer
m > my, we define the stopping time as follows

T = inf{t € [0, 7) : min(S(¢), I(t), U(1)) < mi or max(S(t), I(t), U(t)) > mo}.
0

Clearly, t,, is increasing as m — oo. Let 1o = limy,_ o Tm, Where 7o < 7. a.s. To complete the proof, it suffices to show
that 7o = +00 a.s., which would imply that 7, = +o00 a.s.

If this statement is false, then there exists a pair of constants T > 0 and v € (0, 1) such that P{rg < T} > v.
Consequently, there is a positive constant m; > mg such that P{z,;, < T} > v for any integer m > m;. Denote ¢ : Ry — R,
@(x) =x+ 1 —Inx. Define also V : R3 — R, by

V(S, I, U) = ¢(S) + o(I) + @(U).
In what follows, we shall shorten V(S(t), I(t), U(t)) as V(t). Applying Ito’s formula, we have
dv (t) =Lvdt + (S(t) — 1)o1dW; + (I(t) — 1)o2dW,
+ (U(t) — 1N)o3dWs,

where

LV = (1 - %) (A — aSIf(U) — uS) + (1 - %) (61aSIF(U) — g(UI — )

1 51U 1, 5,
+ 1_E F_eu—m +5(O‘1+02 +U3).

Using (g.iii), this implies that

_ 1 8
Lv §A+F+g+2u+e+§(af+a§+o§)+<a+E)1

_ 1
§A+F+g+2M+e+§(G12+022+032)

]
2 —)JU+1—InI
+ <Ol + K>( + nl)
<ki +kpV,
inwhichky = A+ I' + 8+ 2 + e+ (07 + 07 + 07) and ky = 2(cr + 2 ). Hence,
dv S(k] + sz)df + (S - 1)0’1dW1 + (I - l)UdeZ + (U - 1)U3dW3.
Integrating this inequality from 0 to t,, A T and then taking expectation, we obtain
tm AT
EV(tmn AT) <V(0)+ ki(tm AT) + kz/ EV(t)dt,
0
which implies by Gronwall’s inequality that
EV(ty AT) < (V(O) + ky(tm A T))e"z(fmm.

Let 2, = {ty, < T} for all m > my, and then P(£2,,) > v. Note that for every w € §2,,, one of S(t1,,, ®), [(ts, @) or U(ty, w)
equals either m or L. Then

V(S(tm, @), (T, @), U(Tm, ®)) > min(m + 1 — Inm, % +1+4Inm).
Finally,
+oo > (V(O) i klrm)e"ﬂm ZE(Igm(a))V<S(tm, ©), (T, ), U(Tm, a))))
=P(2n)V (S(tm, ®), [(Tm, @), U(Tm, ®))
>v(min(m + 1 — Inm, % + 1+ Inm)) - 400 (M — 00),
which leads to a contradiction. Then typ = 400 a.s., which implies that r, = 400 a.s. This completes the proof. O
Proof of Theorem 4.3. Let define a functional V; by

2
01(S — A)+1 c(U — L2
Vi(S,ILU) = (2")+c11+2(2€),
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where c; and c; are positive constants that will be determined later. Applying Ito’s formula, we obtain

dvy(t) =LVydt + (9](5 - 2) + 1) (60101SdW; + 02ldW5) + c10,1dW,
+ co3U <U — g) dWs,
in which
Lv; = (91(5 - %) + I) [01(A — aSIf(U) — uS) + 61aSIf(U) — g(U) — ul]
+ ¢1[61aSIf(U) — g(U) — pl] + c2 <U — g) (F —eU — ﬂ)
+ % (62025 + 0212 + a0 2U7).
Having in view that
%az <(a—bP+b* VabeR,
one obtains that

W, < (el(s L 1) [em(“ —5) - (gU)+ M)I}
1" 1

+ 61 [BaSIF(U) — (8(U) + 10l + (u - g) (e(5 —uy- ‘”—U)

e K+U
A A 1 r r
+ 6202 ((s - =7 +(f)2) + 031> + 303 ((U - =) +(—)2> :
nw nw 2 e e
By rearranging the right-hand side, this leads to

LYy < = W63(S — 5.7 = 638U + 151 + 1(E(U) + W) 51 + 6141 = Oris]
— (g(U) + I + 1 [610SIf(U) — (g(U) + u)l] — eca(U — %)Z
I §IU ( A A

1
CoU—"Y 22 (s— Ay Ly 22
o e)K—i—U+ 1o | ( I'L) +(M) +2(72

+ ool ((u - SR+ (%)2)

r

A 1
=—(ub; — 6707)(S — ;)2 — (&) +n - 5622)12—62(6—032)(U— . 2

A r
+ Q%Uf(ﬁ)z + C2032(;)2 + [—6:1(g(U) + u) — 6110 + 161af (U)]SI

A su? r §u
61(g(U — 4+ 6014 —c1(g(U - c—
+ [0+ % +0a - W)+ - ey ot i
Using (f.i), (f.ii), (g.i) and (g.iii), one sees that

A 1 r
LV; < — 02 (u — 02)(S — ;)2 —(gU) + 1 — 5022)12 —cle—o3)U — >

)2

+ 9303(3)2 + o3P+ [~0i8U) + 1) — e + it )T

A r
+ |:91(g(U) +M); + 01 A — i+ 8K + e):|]

A 1 r
<—0i(n—ai)S - ﬁ)z —(gU)+n - 5022)12 — e — 03U — ;)2

A r
+ efaf(ﬁ)z + 62032(;)2 + [-2611 + c161]SI

_ A r
+ |:91(g + M)ﬁ +61A —ciu+ C28(1< + e):| I.
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Now, let us choose ¢; = %“ > 0, so that
—291[1, + C]Q]O{ =0.

We observe that Ry < — 2> f(LY implies that
0 < Grame Dy Ce) IMP

61 (g+u) +01A—cipn
(g+2u)(g

DY+ w 2u? r
£ Ro — — 0.
of (L) (" (g‘+2m(g(£)+u)f(e)><

We then choose ¢, so that

—~

!

_ A r
01(g + M); + 6014 —cip +C23? =

which leads to

oo Erawe)tm (o 22 ) -0
’ adf(OYK+ L)\ @+2mEL)+p) e '
Hence,
A 1 r
¥, == 63(n —o]XS — 7 ~ @)+ 11 = 301 —eae — 0 U~ )
+ 912012(2)2 + Czagz(g)z + (91(5 - 2) + I) (0101SAW1 + 021dW3) (13)

r
+ c1021dW5 4+ c03U(U — ;)de

Integrating both sides of (13) from O to t and then taking expectation we obtain
A YL
EVy(t) <EV1(0) + 9101('“) +52(73(?) t

t
+E / [—eftu —o)(s(s) - 3)2 ~ (@) + 1~ 5oD) (14)
0

—cy(e — o) (U(s) — 1;)2] ds.
Therefore,

t
lim sup ~E / [efw —oD)(S(s) - 2)2 - (gU) + 1 — 2 o2)(s)
0

t— 400 2

I\ A r
+c(e — 03)(U(s) — ;) ] ds < 02a( u) + 62032(;)2.

. 1
K =min{0(u — o7), p— 5022, e —o3)},

then

t 92 2(A 2+ 2 \2
llmsuplE/ [(S(S)_ 2)2+12(5)+(U($)—F)2] dsf ]G](ll) 6203(6) )
0

t—+00 e K

This completes the proof. O

Proof of Theorem 4.4. Let us define a functional V, by

(6:(S —S*) +1—17)?

Va(S,1) = 2
It follows from Ito’s formula that
dV5(S(t), I(t)) = LVadt + (64(S — S*) + 1 — I*)(0101SdW1 + 021dW), (15)
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in which
LV, (91(5 S*)+1—1%)(01(A — aSIf(U) — uS) + 61aSIf (U) — g(UN — pul)
+ 5(9 afsz + 071?)
=(91(5—s Y+ -T1* )(01 (A= uS)—(g(U)+ w))
1
92
+ 2( I?)
Since, by the first two equilibrium relations in (3),
01A = 0 uS™ + g(U™)* + ul*,
it is seen by (g.ii) and (g.iii) that

LV, =(6:(S — ") +1 1) (—Gm(s —$*) = (&(U") + )1 — I") + (g(U") — g(U))I)
+ 50015 +031)
=—07u(S = S*) — (g(U) + w)I = I")* — [Ol(g(U*) + 1)+ O1)(S — S = 17)
+ (6:(S — S*) +1—1")(g(U*) — g(U))I + (92 S + 071%).
< = O7u(S = S*P — (g(U") + I = I')* — [91(g(U*) + u) + O1](S — SN = T7)

+ 6;SIg(U*) + g(U*)I* + [(915* +1*)(g —g(U ))]1 + =(0701S* + o7 1).

Since
ab < (a—a;? +(b— by +a? + b2, Ya, b, a;, by €R, (16)
1
a§§+(a—a1)2+a§, Va,a; €R, (17)

it is seen using also (12) that
LV, < — 67 (S — S — (g(U*) + )T — I*)* — [64(g(U*) + ) + 6121(S — S*)(I — I*)
+ 61g(U") [(s SRR 45T+ 1*2] +2g(U*I — I + 2g(U*)I*
+ [(els* +1%) (g —g(u*))] (% =T+ 1*2) + %(91201252 +o21%).
By rearranging the right-hand side of the above inequality and using (12), it is seen that
LV, < — (071 — 6:8(U"))(S — S*)?
- (M — 61g(U*) — g(U*) — (6:S* +I") (g —g(U*))>(1 -y
— [6:1(8(U) + 1) + B1pal(S — ST — I*) + 61g(U*)(S™ +T17°) + 2g(U I
+ [(@15* +1")(& —g(U*))] G + I*2> + %(930352 + o21%).
< — (6in — 6:8(U") — 6707)(S — S*)? (18)
- (M — 01g(U*) — g(U*) — (6:S* +1*) (g — g(U*)) — 02)(1 - Iy
— [01(g(U™) + p) + O1p1(S — S*)UI —I¥)
+ 01g(U*)S™ +17) + 2g(UAIF + [(915* +1I7) (8 - g(U*)):I(; + 1
+ (020257 + o217),

Denote also

I*
V3(I): C3 (1 —I* —I*ln7>,
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where c3 is a positive constant whose value will be made precise later. It follows from the Ito’s formula that

*

I
I ) O’zlsz, (19)

dvs(I(t)) = LVsdt + c3 <1 -
in which

Vs =651 — 1)(01a(U) ~ &V + ) + 565103
Since, by the second equilibrium relation in (3), one has

61aS*f(U*) — g(U") = u,
it follows that

LV3 =c5(I — 1*)(91a5f(U) — 61aS*f(U*) — ((U) —g(U*J)) + %Cal*ozz
=c3(l — 1*)(9106(5 = S*f(U*) = 61aSf(U*) + b1aSf(U) — (g(U) —g(U*))>

1 x* _2
+ 5631 0,y

=c301af (U*)(S — S*)I —I*) + %c;l*ozz
+ (I — 1*)(—91a5f(U*) + 61a5f(U) — (g(U) — g(U*))>-
Using again (g.ii) and (g.iii) along with (17) and (f.i), (f.ii), one has
LV3 <c301af (U)(S — S*)I —I*) + %c31*022

+ ¢361aSIf(U) + ¢36,aSI*f(U*) — c361aSIf (U™) + c3g(U™)I
+ c3(g —gUM)I

1 1
<c36q1af(U*)S = S*)I = T*) + 5c31*022 + c3g(U¥) (5 +(I =T+ 1*2>

+ ¢3(8 — gUM)I* + c361aSI(1 — f(U*)) + c361aSI*f(U*).

Since I*f(U*) = A;é’;f*, we obtain using also (16) and the inequality

1
5(a—b)2+b2+ﬁ, Va,b e R, b #0, (20)

S Q

that
1
LV; <c301af (U*)S — ST —I*) + 5c;l*az2
1 _
+ c3g(U”) (5 +(I -1 +I*2> +c3(g —gUM)I*

A — uS*

+ estra(1 = fU) [§ = S 57+ 0= 1 +17 |+ esrs 5]

1
<c36q0f (U*)S = S*)I = T*) + Ec31*a22

1 2
+ c3g(U) (= + U =P +1%) 4+ c3(g — gUM)I*

2
2 2 21
+ (1= fU) [(5 5P 457 40— 17 +17] 2D
2 1
A *
+ 301 A((S —S*) +S +25*2)

=c361af (U™)(S = S*)I — I") + c3g(U”) (% + (=1 +1*2) +c3(g —gUuIrr

+ <6391(x(1 —fum) + 6391A)(S = $*V + c30ha(1 — fU))UI —T*)

S

1 1
+ 5(,’31*0'22 +C3910{(] —f(U*))(S*z +I*2) +C391A |:S*2 =+ 3 i| .
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Finally, let us denote
(U—-U*y
5 .
It follows from Ito’s formula that

dV4(U(t)) = LV,dt + (U — U*)o3UdWs, (22)

Vy(U) =

in which

LV, =(U—-U"(Ir—eu o +1 (2
4= K+u) 2%

Having in view the third equilibrium relation in (3) and then using (12), it is seen that
sr*uU* 8IU 1
+

272
o3;U

CK+U) 2

LV, =(U — U*) ( —e(U — U*
s =l )( ( K FU kU

sIFUT SIU 1
<—eU-UP+U-U|—u - —— —o2U?
=—d e )(K+U* 1<+U)+2"3
<—eU—U" P +02((U-UP+U")+ U™ 4 sur
- 3 K + U*

Using now (17), this leads to
LVs < — e(U — U*Y + o2((U — U*? + U¥)
SI*U* 2 1 2 1
—— (U —-UP4+U" + =) +8U [ =T+ + =
K+U*<( Y+ +2>+ (( >+ +2>
SI*U* (23)

2 *\2 * *\2
=|—e U-U SUM(I —1
[etod + e U = U 000 = 1)
2142 SI*U* 2 1 w2 1
U U = SU* (1 - .
+ o3 +K+U*< +2 + +2
Denote
Vs =V, + V3 + Vg,
that is
2
01(S —S*)+1—TI* I* U—U*y
5:(]( ; ) +C3<I—[*—I*ln>+(2). (24)

By (18), (21) and (23), it is seen that
LVs <[—67 1 + 6:18(U*) + 6707 + c3bha (1 — f(U*)) + 36, 4] (S — S*)?

+ { —p 4 (1+01)g(U") + (0:S* +17)(g — g(U*)) + c3g(U*) + o
+ 3611 — f(U*)] + 8U* } (I —I*y?

sr*u*
)(U — Uy

+ <—€+032+m

{63910tf(U*) — [6i(g(U*) + ) + em]}(s — S —1%)
+ 01g(UA)ST + 1) + 28U + [(els* +1I°) (8 - g(U*))] (; + I*z)

1
+ (02025 + o21") + c3g(U”) (5 + 1*2) +os(g—gUn)Ir

1 1
+ §C3I*O'22 —+ C3910{(1 —f(U*))(S*Z —+ 1*2) + C391A <S*2 —+ 2 )

S*
SET.) & A PR a2 1
u U + = ) +sU" (I + = ).
+ o +K+U*< +35 )+ +3
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Let c3 = ‘%. Then

LVs <[—07u + 6:18(U*) + 0707 + c301a (1 — F(U*)) + c3601 4] (S — S*)?

+ { —p+ (14 61)8(U*) + (615" +I*)(& — g(U*)) + c3g(U*) + 03
+ c361a[1 = f(U*)] + 8U* } (I =Ty
sIu*
2 %2
- —Jwu-u
+< e+"3+1<+u*)( )
+ ©.
By (15), (19) and (22), it follows that
dVs = LVsdt + (61(S — S*) + 1 — I*)(6101SdW; + 021dW5)
I* (25)
+c3(1— T 0 ldW, + (U — U*)o3UdWs.
Now, by integrating (25) from 0 to t and taking expectations, one sees that
1. (" 2]
lim sup —E/ [(5(5) — 5 4 (Its) = 1)’ + (U(s) — U*)z] ds < =
t—>+o00 L 0 1Y

This completes the proof. O
References

[1]
[2]

T. Shibutani, Improvised News: A Sociological Study of Rumor, The Bobbs-Merrill Company, Indianapolis, 1966.

D. Daley, D. Kendall, Epidemics and rumours, Nature 204 (1964) 1118.

D. Daley, D. Kendall, Stochastic rumours, IMA J. Appl. Math. 1 (1965) 42-55.

[4] D. Maki, M. Thompson, Mathematical Models and Applications, Prentice-Hall, New Jersey, Englewood Cliffs, 1973.

D. Zanette, Critical behavior of propagation on small-world networks, Phys. Rev. E 64 (2001) 050901.

D. Zanette, Dynamics of rumor propagation on small-world networks, Phys. Rev. E 65 (2002) 044908.

Y. Moreno, M. Nekovee, A. Pacheco, Dynamics of rumor spreading in complex networks, Phys. Rev. E 64 (2004) 066130.
[8] K. Kawachi, Deterministic models for rumor transmission, Nonlinear Anal. RWA 9 (2008) 1989-2028.
[9] K. Afassinou, Analysis of the impact of education rate on the rumor spreading mechanism, Physica A 414 (2014) 43-52.

[10] L. Zhao, X. Qiu, X. Wang, J. Wang, Rumor spreading model considering forgetting and remembering mechanisms in inhomogeneous networks,
Physica A 392 (2013) 987-994.

[11] S. Al-Tuwairqi, S. Al-Sheikh, R. Al-Amoudi, Qualitative analysis of a rumor transmission model with incubation mechanism, Open Access Libr.
J. 02 (2015) 1-12.

[12] LL. Xia, G.P. Jiang, B.Song, Y.R. Song, Rumor spreading model considering hesitating mechanism in complex socialnet works, Physica A 437
(2015) 295-303.

[13] D. Li, J. Ma, How the government'’s punishment and individual’s sensitivity affect the rumor spreading in online social networks, Physica A 469
(2017) 284-292.

[14] X. Zhao, ]. Wang, Dynamical behaviors of rumor spreading model with control measures, Abstr. Appl. Anal. 2014 (2014) 1-11.

[15] Y. Zhang, ]J. Xu, A rumor spreading model considering the cumulative effects of memory, Discrete Dyn. Nat. Soc. 2015 (2015) 204395.

[16] L. Zhao, H. Cui, X. Qiu, et al., SIR Rumor spreading model in the new media age, Physica A 392 (2013) 995-1003.

[17] ]. Wang, L. Zhao, R. Huang, 2SI2R rumor spreading model in homogeneous networks, Physica A 413 (2014) 153-161.

[18] L. Zhu, Y. Wang, Rumor spreading model with noise interference in complex social networks, Physica A 469 (2017) 750-760.

[19] Y. Hu, Q. Pan, W. Hou, et al., Rumor spreading model with the different attitudes towards rumors, Physica A 502 (2018) 331-344.

[20] L. Zhu, Y. Wang, Rumor diffusion model with spatio-temporal diffusion and uncertainty of behavior decision in complex social networks, Physica
A 502 (2018) 29-39.

[21] Y. Zan, DSIR DOuble-rumors spreading model in complex networks, Chaos Solitons Fractals 110 (2018) 191-202.

[22] U. Horst, Dynamic systems of social interactions, J. Econ. Behav. Organ. 73 (2010) 158-170.

[23] D.MJ. Lazer, M.A. Baum, Y. Benkler, et al., The science of fake news, Science 359 (2018) 1094-1096.

[24] X. Wang, S. Tang, Z. Zheng, et al., Public discourse and social network echo chambers driven by socio-cognitive biases, 2020, arXiv:2002.03915.

[25] A. Bovet, H.A. Makse, Influence of fake news in Twitter during the 2016 US presidential election, Nat. Commun. 10 (2019) (2016) 1-14.

[26] L. Liu, X. Wang, Y. Zheng, et al., Homogeneity trend on social networks changes evolutionary advantage in competitive information diffusion,
New J. Phys. 22 (2020) 013019.

[27] M. Del Vicario, A. Bessi, F. Zollo, et al., The spreading of misinformation online, Proc. Natl. Acad. Sci. USA 113 (2016) 554-559.

[28] P. van den Driessche, ]. Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental models of disease
transmission, Math. Biosci. 180 (2002) 29-48.

[29] G.H. Chen, ILSCR Rumor spreading model to discuss the control of rumor spreading in emergency, Physica A 522 (2019) 88-97.

[30] L.H. Zhu, M.X. Liu, Y.M. Li, The dynamics analysis of a rumor propagation model in online social networks, Physica A 520 (2019) 118-137.

[31] LM. Sobol, Sensitivity estimates for nonlinear mathematical models, Math. Model. Comput. Exp. 1 (1993) 407-414.

[32] G. Dimitriu, V.L. Boiculese, M. Moscalu, et al., Global Sensitivity Approach for the Human Immunodeficiency Virus Pathogenesis with Cytotoxic

T-Lymphocytes and Infected Cells in Eclipse Phase, in: E-Health and Bioengineering Conference, 2019, pp. 1-5.

23


http://refhub.elsevier.com/S0378-4371(20)30696-8/sb1
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb2
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb3
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb4
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb5
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb6
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb7
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb8
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb9
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb10
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb10
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb10
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb11
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb11
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb11
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb12
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb12
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb12
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb13
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb13
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb13
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb14
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb15
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb16
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb17
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb18
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb19
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb20
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb20
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb20
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb21
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb22
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb23
http://arxiv.org/abs/2002.03915
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb25
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb26
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb26
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb26
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb27
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb28
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb28
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb28
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb29
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb30
http://refhub.elsevier.com/S0378-4371(20)30696-8/sb31

	The stochastic evolution of a rumor spreading model with two distinct spread inhibiting and attitude adjusting mechanisms in a homogeneous social network
	Introduction
	The deterministic model 
	A qualitative analysis of the deterministic model 
	The positive invariance
	The basic influence number
	The existence of a positive equilibrium
	The stability of the equilibria

	The stochastic model
	Existence of a unique global solution
	Asymptotic behavior around the rumor-free equilibrium of the deterministic model
	Asymptotic behavior around the rumor-prevailing equilibrium of the deterministic model

	Numerical simulations
	The simulation of deterministic rumor spreading process
	The simulation of stochastic rumor spreading process

	Conclusions 
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Appendix
	References


