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Nume si prenume:

Grupa:

ANALIZA MATEMATICA II
MODEL DE EXAMEN

w/2

(20p) 1. S& se calculeze: a) /5x4 dz; b) /x -sin(x) du.
0

2

322+ 2
(10p) 2. Sa se calculeze: / v Eer dx.
342?41
1

(20p) 3. S4 se calculeze urmitoarele integrale curbilinii, stiind cd (C) : y = 22, € [0,1]:
y2
a)/—dx—i—xydy,’ b)/xds.
i
C C
(10p) 4. Sa se calculeze //(293 +2y)drdy,unde D = {(z,y) e R?* |0 <z < 1, x < y < 3z}.
D
(20p) 5. Sa se calculeze / / z dS, unde
S

S={(z,y,2) eR* | 2? +y* +2 =4, >0,y >0, 2 >0}

(10p) 6. S4 se calculeze /// (22 + 3y* + 42°) dadydz, stind cd V = [0, 1] x [1,2] x [2,3].
v
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ANALIZA MATEMATICA 11
MODEL DE EXAMEN REZOLVAT

w/2

(10p) 1. Sa se calculeze: a) /5x4 dr; b) /x -sin(z) da.
0

Rezolvare:

xn+1

C:
n—i—l+

a) Vom folosi formula / " dx =

5
/5x4dx:5/x4dx:5-%+C:x5+c.

U
b) Vom folosi metoda de integrare prin parti, adica formula:
b , b
[ @) g do = (40)-9(0)| = [ F@)-gla) da
= 5(6) 9(6) = 1(@) - gla) = [ F(@)-gla)
{f(l’)l“ {f’(fﬁ)l
=
g'(z) = sin(x) g(x) = —cos(z).
Prin urmare, avem:
/2 PR %
/x -sin(z) dz = (z - (— cos(x))) ) — / 1-(—cos(z)) dz
/2
=35 (—cos (5)) —0- (—COS(O)) + /cos(x) dz
= — .04+ /W/Q cos(z) dx
/2
=0+ (sin(z)) )
= sin (g) —sin(0)=1-0=1
U



32?2 + 22

(10p) 2. Sa se calculeze: / B9

1

Rezolvare: Fie t = 2® + z? + 1. Atunci df = (32” + 2z) dz (obtinem aceastd relatie prin
derivare). Mai mult, avem:

x\ 1 \ 2
t \ 13+12+1=3\23+22+1:13
Prin urmare:

2 2 13

322 + 2x 1 ) 1
e  a €r = _— . / 2/: — _ —
/m3+x2+1dl /x3+x2+1 (327 +2z) de /t df = In(?)

1 1 3

’ =In(13) — In(3).

(20p) 3. S4 se calculeze urmatoarele integrale curbilinii, stiind ca (C) : y = 22, x € [0,1]:

2
a)/%dx—l—xydy; b)/xds.
C C

Rezolvare: Cum (C) : y =22, x € [0, 1], atunci o parametrizare a curbei C este:
=a(t) =t () =1
r=al) =t g T O=E
y=y(t) =1, y'(t) = 2t.

Vom folosi urmdtoarele formule de calcul a integralelor curbilinii de primul si al doilea tip:

[ Pl do Q) dy= [ (Plal.u®) - (0)+ Qalt). o) ') dt

C

si

/ f(x.y) ds = / ), 5) -/ (#(0) + (y(1)* dt,

unde parametrizarea curbei C' este x = x(t), y = y(t) sit € [a, ).

a)

/y; dz + 2y dy = /1 (y%) () +2(t) - y(t) -y (2) )dt
C 0

0
e
() (50)- (D) en ()23
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b)

t-/124(2t)2dt = /t\/l + 4¢2 dt.

0
Vom efectua urmatoarea schimbare de variabild: v = 1 + 4¢2. Atunci du = 8t dt,
t | 0 | 1
u=4+1[4-0°+1=1|4-1>+1=5

de unde obtinem:

1 5 5
/de:g/v1+4t2-8tdt=§/\/adu—§/ u'? du
c 0
1 gl/2+1 |usd 1 u3/2|e=> 1 2@ u=>5
8 1241, 8 3 |_, 8 3 |_,
2
VB VB VBB VIs-1 5V5 -1
o2, 12 12 12 12

O

(10p) 4. Sa se calculeze //(2:6 +2y)drdy,unde D = {(z,y) e R? |0 <z < 1, x <y < 3z}.

Rezolvare: Vom folosi urmadtoarea formuld de integrare:

Teoremd. Fie f o functie integrabild pe domeniul D simplu in raport cu Oy astfel incit pentru orice

g2(z) b
x € [a,b] existi integrala F'(z) = f(z,y) dy. Atunci existd si integrala / F(z) dx si avem:
g1(x) b g2(x)
// f(z,y) dzdy = / [ / f(z,y) dy] dx.
D a  gi(=)

In cazul nostru, avem a = 0, b = 1, gy (z) = z si g»(x) = 3z, pentru orice = € [0, 1]. Atunci:

=3z
] dz

=x

3x

//(2x+2y)dxdy—/l{/(2x+2y dy] dac_/1 (2zy + °)

T

1 1

= / (22 - (3z) + (32)°) — 2z -z +2*) do = / (62 + 927) — 32” du

0 0

1
31 3 3
1 0 1
:/12x2dx:12-$— :12(———):12._:4,
30 3 3 3




(20p) 5. Sa se calculeze / / z dS, unde
S

S={(z,y,2) eER* | 2? + >+ 2 =4, >0, y >0, 2 >0}

Rezolvare: Deoarece S este datd de 22 + 3% + 2% = 4 = 22, obtinem cd S este o submultime a sferei
de razd 2, centratd in origine. Deoarece z, y si z sunt pozitive, obtinem parametrizarea:

x = x(u,v) = 208U Cos v,
T T
= y(u,v) = 2cosusinv, undewu € {O, 5}, v E {O, 5]
z = z(u,v) = 2sinu,
Prin urmare, avem:

7)(u, v) = (2 COS U COS v, 2 cos u sin v, 2 sin u),

de unde obtinem:

- o7
T (u,v) = %(u,v) = (—2sinwucosv, —2sinusin v, 2 cos u)
si .
0
To(u,v) = a—;(u,v) = (—2cosusinv, 2 cosucos v, 0).

obtinem:

E(u,v) = ||(—2 sin u cos v, —2 sin u sin v, 2 cos u)H2 = (—2sinucosv)? + (—2sinusinv)? + (2 cos u)?
= 4sin?u cos® v + 4sin? usin® v + 4 cos? u = 4 sin* u(cos2 v + sin? v) +4cos® u
=4sin®u-1+4cos?u = 4sin®u+4cos’u =4- (sin2u+0052u) =4,

apoi

F(u,v) = (—2sinucosv, —2sinusinv, 2 cosu) - (—2 cosusin v, 2 cos u cos v, 0)
= (—2sinucosv) - (—2cosusinw) + (—2sinusinw) - (2cosucosv) + 2cosu - 0

=4sinucosusinvcosv —4sinucosusinvcosv +0=0
si
. 2 .
G(u,v) = ||(=2cosusinv, 2 cosucosv,0)||” = (=2 cosusinv)? + (2 cos ucos v)* + 07
= 4cos®usin®v + 4 cos? ucos? v = 4cos®u - (sinzv+coszv) = 4cos’u-1=4cos’u.

Ne vom folosi apoi de urmadtoarea formuld: dacid suprafata S este descrisi de parametrizarea

7 (u,v) = (z(u,v),y(u,v), 2(u,v)), cuu € [a,b] siv € [c,d], atunci

// flz,y,2)dS = /b/d f(z(u,v),y(u,v), 2(u,v)) - /E(u,v) - G(u,v) — F2(u,v) dv du.
S a ¢



In cazul nostru, obtinem:

w/2mw/2
//z ds = / / 2(u,v) - V/E(u,v) - G(u,v) — F2(u,v) dv du
s 00

72 m/2 /272

:// ZSinu-\/4-40082u—02dvdu://QSinu-v16coszudvdu
0 0 0 0

w/2mw/2

://2sinu-4-|cosu|dvdu.
00

™ . . .
Deoarece u € {0, 5} , atunci avem cos u > 0, de unde obtinem | cos u| = cos u. Obtinem astfel:

w/2mw/2
//z ds = / / 8sinw cosu dv du
S 0 0
/2 v="m/2
—/ (8sinucosu-v) du
0 v=0
w/2

= / (8sinucosu-g— 851nuc03u~0) du

0

w/2 /2
:/ 47T~sinucosudu:47r/sinucosudu.
0 0

Vom efectua schimbarea de variabila ¢ = sin u, de unde obtinem d¢ = cosu du,

u | 0 | /2
t=sinu | sin0=0 | sin (7/2) =1

si

1

t2
/zdS:47r/tdt:47r-§
S

0

t=1 2 2
1 0 1
:47r-<———) =47 - - = 2.
o 2 2 2




(10p) 6. S4 se calculeze /// (22 + 3y* + 42°) dadydz, stind cd V = [0, 1] x [1,2] x [2,3].

Rezolvare: Avem:

/// (23: + 3% + 423) dzdydz =
1%

z=3

dydzx

2 3
// 27 + 3y? +4z)dzdydx

2z + 3y z+z)

z2=2

12
:// ( 6z + 9> —1—34 (4x+6y2+24)) dydzx
0 1
= // (22 + 3y* + (81 — 16)) dydz
0 1

12
= // (21: + 3y + 65) dydz
0 1

|

1
:/(4x+8+130 (21:+1+65)) da
0

y=2
dx

y=1

22y + 1y + 65y)

(296 + 74+ 65) dx

=12472-02-72-0="73.




